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Abstract The paper is concerned with a class of two-sided stochastic processes of the form 
X = W + A. Here W is a two-sided Brownian motion with random initial data at time zero and 
A = A(W) is a function of W. Elements of the related stochastic calculus are introduced. In 
particular, the calculus is adjusted to the case when A is a jump process. Absolute continuity 
of (X, P v ) under time shift of trajectories is investigated. For example under various conditions 
on the initial density with respect to the Lebesgue measure, m = du / dx, and on A with A = 
we verify 

p v {dx.) = "^xbT-ll |VwbA: -* 1 * 

a.e. where the product is taken over all coordinates. Here (Vwb-X'-tL is the divergence of 
X- t with respect to the initial position. Crucial for this is the temporal homogeneity in the 
sense that X (W.+v + A v l) = X. +V (W), where A v \ is the trajectory taking the constant 

value A V (W). 

By means of such a density, partial integration relative to the generator of the process X is 
established. Relative compactness of sequences of such processes is established. 

AMS subject classification (2000) primary 60G44, 60H07, secondary 60J65, 60J75 

Keywords Non-linear transformation of measures, anticipative stochastic calculus, Brownian 
motion, jump processes 



1 Introduction, Basic Objects, and Main Result 

Let us begin with Haar functions over [0, 1]. Next we do the same on every interval [a, a + 
1] for all integers a and consider these functions being defined on the entire real axis by 
extending with zero outside of [a, a + 1]. We end up with a system of functions Hi, i e N, 
for which we can consider all finite linear combinations 

/ Hi(s)ds, teR, 

where i e N, is a sequence of independent N(0, 1) distributed random variables. The 
Levy-Ciesielsky representation of standard Brownian motion tells us now that under proper 
selection of these finite linear combinations we obtain in the limit a two-sided Brownian 
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motion W with W = 0. The convergence is uniform on every compact subset of R, almost 
surely. 

The initial example. Denote by (p the density function with respect to the Lebesgue 
measure of an iV(0, 1) random variable. Let us consider two individual trajectories W 1 and 
W 2 obtained by the outcomes £j = x] and, respectively, & = x 2 , i <E N. The weight of W 2 
relative to W 1 is y{J\\ P rov ided that this infinite product converges properly. If we 
assume that Wq is a random variable independent of ^, i G N, with positive density m then 
the weight of W 2 relative to W 1 is 

m(W 2 ) fr tp{x 2 ) 

mm) l\v(x})- 

Now let W 2 = W x _ x . We obtain by reordering of indices that the weight of W 2 = W l _ x 
relative to W 1 is 

m{W 2 ) fr V (x 2 ) _ mjWLJ 
™M) l\ <p{x\) m{W£) ■ 

Since the above "reordering" followed by canceling is just a heuristic argument, all what 
follows from this relation here in the motivating part, is of heuristic nature as well. 

The question the paper addresses is what happens if we have a process of type X = 
W + A(W) for which we would be interested in such "relative weights" under time shift. We 
suppose that X is an injective function of W. Let us take a look at the very particular case 
when (i) Ao(W) = for all trajectories W, (ii) the process A(W) is independent of Wq, and 
(iii) we have = + A_i(W) = X(W.- 1 + A^t) where A_il is the function 

taking the value constant in time. Then it is still plausible that the relative weight of 
X.-i with respect to X is determined by the weight of W.-i + A-il relative to W, which is 
by the initial example and (ii) 

m(X.i) _ m(W_i + A-i) 
m{X ) ~ m(W ) 

Indeed, given W.^+A^W)!, according to (iii), we add A.- 1 (W)-A- 1 (W)1 = A(W.- 1 + 
A-xT) to obtain X_i(W) = X(W.- 1 +A- 1 T). On the other hand, given W we add A = A(W) 
to obtain X = X(W). We may interpret (iii) as some sort of temporal homogeneity of the 
in general non-adapted process X. 

Below we are using a more general concept of temporal homogeneity of X. Also, con- 
ditions (i) and (ii) will be dropped. However in order to develop a framework that finally 
results in a Radon-Nikodym density formula for the measure of the trajectories of X under 
time shift we need to formulate a set of conditions. On the one hand, these conditions must 
allow to apply methods from stochastic / Mallianvin calculus and, on the other hand, cover 
the class of stochastic processes and particle systems we want to discover. Next, we will 
give verbal answers to the following two questions. What sort of stochastic processes and 
particle systems are we interested in? What is the major technical challenge we have to 
overcome to prove the density formula. 

Switching media. Let us continue the concept of the relative weight of X._i 
with respect to X on an intuitive level. We are now interested in a d- dimensional pro- 
cess of the form X = W + A for which (i) A (W^) = for all trajectories W, (ii') 
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A a (W) = {A\ (Wi, . . . , Wd)) i= i d is for all s G R continuously differentiable with respect to 
the arguments W x , . . ., W d , and (ill) we have X_i(W) = W._i+A_i(W) = X(W.-i+A- 1 tj. 
Let v denote the measure whose density with respect to the d- dimensional Lebesgue mea- 
sure is m, the density of Wq. The ci-dimensional volume element is in this sense compatibly 
denoted by dW . Since we do no longer suppose that the process A(W) is independent of 
Wo, it is reasonable that we turn to the Radon-Nikodym derivative dv(W-i + A-\) / du(Wo) 
rather than to look at some ratio of densities. We obtain formally for the relative weight of 
W.-i + A-xl with respect to W 

M f;:t l] = -0"-. + A- / iW -^ lW)) /"WO 
du(W ) dW I 

m(W-i + A_ x 



m(W 



H\l + V Wo A^(W)\. 



m(X. 



i=l 
d 



m(X 



fH\V Wo X^(W)\ 



i=i 



Condition (iii) gives rise to consider this term also as the relative weight of X._i with 
respect to X. A motivating example for (iii) is the following. Let i 1)+ = XRf + denote 

the indicator function for the set Rf + := {(x±, . . . , Xd) '■ x% > , x 2 , ■ ■ ■ ,x n & R}, let if + be 
some smoothly mollified modification, and let a G R. Let X be the solution to the Ito SDE 

X s = W s + a [ if j+ (X r ) d(W ljr , 0,...,0)=:W s + A s , s£i 

We have (i) by definition and (ii'), because of the above mollification, by a classical theorem 
of Blagoveshchenskij and Freidlin, cf. [H], Theorem 1.23. For s G R it follows that with 
W S = W. +S + A S 1 

X. (W s ) = W s + a [ if (X r (IV s )) d (wi r , 0, . . . , 0) 

= W s + a- / ii t+ (X r (W')) d(Wi, a+P ,0,...,0) 

and 
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X +S (W) = W. +s + a / if + (X r (W)) d(Wi, r , 0, . . . , 0) 

Jo 

= W. +s + A s + a I if >+ (X r (iy)) d(Wi, r , 0, . . . , 0) 

J s 

= W s + a [ il j+ (X r+s (W)) d(W hr+s , 0, . . . , 0) 
Jo 

which implies X. (W s ) = X. +S (W), s G R. In other words, we have (iii). The choice 
a G (—1,0) (respectively a G (0,oo)) lets X move slower (respectively faster) than W on 
{(xi, . . . , Xd) '■ Xx > 8 , x%, . . . , x n G R}. Here 5 > is some small parameter depending on 
the above mollification. 

The particle collision type jumps. The stochastic processes and particle systems we 
are focusing on may involve jumps. Definition 11.71 formulates the mathematical conditions 
on the jumps. In this paragraph we give a physical motivation for Definition 11.71 
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Let us consider a system of n marked particles {X oi , . . . ,X on } in some <i -dimensional 
domain D Q . If we model the particles just as points in D Q and consequently the collection 
of all n particles as a point in M. n ' do then the set of all potential collisions is the set Z Q 
defined as follows. For z±, . . . ,z n G D Q , z = (z±, . . . , z n ), and i G {1, . . . , n} introduce 
z 11 := (z u . . . ,Zi_ 1: z j: z i+1: . . .,z n ), i,j G {1, . . .,n}, % < j. Now, let 

Z (i,j):={z*: ze D n }, i<j, Z :=[jZ (i,j) . 

i<j 

If we look at particles as small d -dimensional objects then a counterpart is Z £ (i,j) := 
[z G R n ' do : \z - z'\ < e, z' G Z (i,j)}, i < j, and Z £ Q := (J* . Z £ (i,j). In this case however, 
we choose from the physical particle some canonical inner point, the mathematical particle; 
for example the midpoint if the physical particle is a small <i -dimensional ball. 

Now we extend the notion of a particle to an object having a <i -dimensional geometric 
location and a rf^-dimensional velocity, a vector belonging to the difference D v of the d v - 
dimensional open ball with center and some radius v mgx < oo and the closed ball with 
center and some radius t> m in < "^max- Usually we have d Q — d v . The system of mathematical 
particles we are now interested in is {Xi, . . . ,X n } where Xj := (X oi ,X vi ) and X vi is the 
velocity of X oi . We set d :— d Q + d v and D := D Q x D v . In this sense, the set of all potential 
collisions of particle i with particle j, % < j, is now Z(i,j) := Z (i,j) x D v or, if the physical 
location of the particle is a small <i D -dimensional set, Z £ (i,j) := Z £ (i,j) x D v . Respectively, 
we set Z := \J iKj Z(i,j) and Z £ := \J iKj Z £ (i,j). 

Let ^(s), s G M, be an M ra ' d - valued trajectory describing the path of a system of n 
mathematical particles. Furthermore, for x G M. n ' d , write xl = xl(s) for the trajectory 
which takes the value x for all s£i By the concept physical and mathematical particles, 
£ s , s 6 R, never reaches the boundary dD n . Near the boundary dD n we assume that the 
trajectory £ models some reflection / adhesion / diffusion mechanism of the particle(s) that 
is (are) closest to 3D. 

For small z G M. n ' d , let us also consider the parallel trajectory s£l, whenever it 

meaningfully exists. That is £ z = £ + zl, as long as £ + zl has not got close to dD n and is 
again £ + zl as soon as it is not close to dD n anymore. The latter could also mean "as soon 
as two individual mathematical particles with the same location perform a collision rather 
than following some intrinsic mechanism near the boundary" . 

Until the end of this paragraph we would like to keep the interpretation that for z = 
(zi, . . . , z n ) and Zi = (z oi , z vi ), the component z oi G M. do stands for location and the compo- 
nent z vi G R dv stands for velocity of Zj. We make the following observation. It is reasonable 
to assume that for the trajectory £ and the parallel trajectory £ + zl we have z„ = 0, 
% G {1, . . . , n}. However we would like to have £ x be well-defined for x in some neighborhood 
of x = and set therefore artificially £ x := £( Xo ,o) where x Q := (xi Q , . . . ,x no ) G M n ' d ° is the 
vector of the locations of the X; L G M. d , i G {1, . . . , n}. 

Let t(x) denote the first time after for £ x two particles collide, that is, the first time 
after the trajectory £ x hits Z £ . The function x — > t(x) is then a piecewise infinitely 
boundedly differentiable function in some neighborhood of x = 0. The term piecewise refers 
to the different possibilities for the first collision to be caused by the particles i and j, 
i < j. On the pieces, V ' x r{x) G M, n ' d is by the above convention well-defined and we have 
(V x r(0),e) R „.d = for any vector e = ((e lo ,e lv ), (e no ,e nv )) with e lo = . . . = e no = 
where e iQ) % G {1, . . . , n}, are the locations of the G R d , % G {1, . . . , n}. 
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By the trajectory £ we follow n particles. For those we may assume that immediately 
after the first collision of two, the vector of the velocities has changed by a jump while the 
vector of the locations is unchanged. Thus, for A£ r := £ T+ — £ T _ we get 

(V a T(0),A£ r ) R „. d = 0. 

This is motivation for Definition 11.71 (jv). Condition (jv) of Definition 11.71 is at the same 
time a technical hypothesis. 

The process Y. Instead of (i) and (iii) formulated here in the introductory section, 
for the actual analysis in the paper we will use condition of (3) of Subsection 1.2. This 
condition does no longer require A = 0. It includes a process Y with A = Y such that 
with W s := W. +s + (A S (W) - Y S {W)) 1 we have the relation X. {W s ) = X. +S (W), s £ R. 
Below we give a reason why (i) and (iii) is not enough. 

Let X be a n ■ n- dimensional stochastic particle process of the form X = W + A where 
A = A(W) is a right-continuous pure jump process. That is, A is constant in time until 
it jumps and thereafter constant again until it jumps again. The jump times and jumps 
are measurable functions of W. Assume that the jumps are organized as in the previous 
paragraph. This means in particular that whenever X hits Z £ at some jump time it performs 
a jump within Z e and keeps moving afterwards as it was a n-n-dimensional Brownian motion. 
For proper modeling we must here assume that jump times do not accumulate. However 
the following scenario is possible. The trajectory W passes through Z e in a subset of Z e no 
jump is allowed to reach. This happens at some negative time and no further jump occurs 
until time zero. Consequently, Aq = which is equivalent to X s = W s in some non-positive 
time interval s £ (a, 0], is not possible. In order to construct a injection W — > X we must 
allow A ^ 0. In that case X. (W s ) = X. +a (W), s £ R, for W s := W. +s + A s l may fail. 

The integral f jF(s,W)dW s for some interval /. This type of integral appears 
unavoidably in the beginning of the proof of our main result, namely in the second last line 
of (13. 110p . We handle this integral by projecting W via the Levy-Ciesielsky representation to 
a piecewise linear path. The critical operations on j s&1 F(s, W) dW s will be carried out under 
the projection. Then we apply several extension techniques but mainly the approximation 
theorem Theorem 12.11 by Gihman and Skorohod, cf. [6J. The calculus on the projections is 
developed in Subsections 2.1, 2.3, 3.1, and 3.2. 

Organization of the paper. After this motivating part, we collect all symbols and 
definitions we frequently need in the paper. The concept of two-sided Brownian motion is 
taken from Imkeller [§]. Symbols and definitions just for momentary use will be introduced 
when they are needed. In Subsection 1.2 we formulate a list of conditions we need in order 
to state the main result, the change of measure formula under time shift of trajectories. 
The main results are presented in Subsection 1.3. Immediate corollaries are formulated and 
proved in this subsection. 

Section 2 contains the stochastic calculus on the above mentioned projections of trajec- 
tories. The results of Subsections 2.1 and 2.3 are important for the proof of the change of 
measure formula. Subsection 2.2 formulates and proves a related stochastic calculus where 
the time shift is replaced by a certain class of trajectory valued flows. Here we refer to 
Mayer- Wolf and Zakai [TT] and Smolyanov and Weizsacker [IB] for related ideas. 

If the trajectory flow is a translation along the time axis, we shift piecewise linear tra- 
jectories, obtained by projections on the Levy-Ciesielsky representation. This operation 
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requires particular attention to objects like gradient, stochastic integral, and generator of 
the flow. The related assertions are proved in Subsections 3.1 and 3.2. 

The proof of the change of measure formula involves two approximations. The first one 
corresponds to the projection via the Levy-Ciesielsky representation. The second one is 
the approximation of the trajectory valued flow s — > W s = W. +s + (A s — Y s )l if A — Y 
has jumps by a sequence of continuous flows. The change of measure formula is proved in 
Subsection 3.4. We would like to refer to Bogachev and Mayer- Wolf |2J, Buckdahn [3], Kulik 
and Pilipenko [TO] . 

Sections 4 and 5 contain two applications. In Section 4 we prove integration by parts 
formulas for operators which are for, in general, non-Markov processes counterparts to gen- 
erators of Markov processes. In Section 5 we arrive at the application the paper was initiated 
by, relative compactness of a class of abstract particle systems. This application may explain 
the setup, conditions, and notations in the paper. It has been motivated by concrete physical 
modeling as in Caprino, Pulvirenti, and Wagner |4] as well as a more abstract mathematical 
and physical treatment as in Graham and Meleard (7]. 

Before starting this preliminary part of the paper, let us emphasize that most of the 
terms related to the Malliavin calculus and stochastic integration are explained in Section 6. 
Section 6 is independent and should at least be browsed prior to reading this introduction. 

1.1 Analytical setting 

The symbol F. Let n, d G N. In order to simplify the notation, we will use the letter 
F in order to denote both, the space of all real n ■ d- dimensional vectors (zi, . . . , z n ) with 
Zi, . . . , z n G R and the space of all real n ■ d x n ■ d- matrices. Correspondingly, we will use 
the symbol ( • , • )p in order to denote the square of a vector norm or of a matrix norm on 

1 /2 

F which we assume to be compatible but do not specify. We also assume ( • , • ) F to be 
submultiplicative if F = R n ' d <g> R n ' d . 

Let Xf denote the Lebesgue measure on F and let (ej)j = i 7 ^ n .d be a standard basis in 
R n ' d . Moreover, let e = Y^=i e j if F = R n ' d . Let e be the n ■ d x n ■ <i-dimensional unit 
matrix if F = M"' d <g> M™' d . 

Furthermore, depending on the format of the entries, let us define the product ( • , • ) f^f- 
If both entries belong to F = ~R n ' d , we set 

((xi, . . . , x n . d ), (y h . . . , y n . d )) F ^F ■= ^2 XiVi ' Ci ' Xl > ■ • • ' Xn - d ' yh • • • ' yn d e R 

i=l 

If at least one of the entries belongs to F — M. n ' d <g> W 1 '' 1 and not otherwise stated, let 
( • , • ) f^f denote the usual matrix- vector, vector-matrix, or matrix-matrix multiplication. 

Set 10) := e, s e R, and for B E B(R) set l B (s) = e if s G B and l B (s) = if s # B. If 
x G F then for simplicity, we will use the short notation 

xl= (x,l(-)) F ^ F . 

It will be always clear from the context which of the spaces, R n ' d or R n ' d g> R n - d , we talk 
about when we use the symbol F and which form of multiplication ( • , • ) f~>f we use. 

Function spaces and orthogonal projections. Among others, which will be intro- 
duced upon usage, we will work with the spaces L 2 (R; F) and L^ oc (IR; F) of all quadratically 
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integrable and, respectively, local quadratically integrable F-valued functions on R. For 
simplicity, the latter space will be abbreviated just by L 2 if no ambiguity is possible. For 
J (a(s), b(s)) f^f ds, a,b G L 2 (R;F), we shall use the symbol (a,b) L 2^ F . Moreover, for an 
integral of type J™ (a,db)p or {a,db)p-^F we shall use the short notation (a,db) L 2 or 
{a,db) L 2_+ F , again if no ambiguity is possible. 

In addition, let C k {R;F) be the space of all k times differentiate F-valued functions 
on R. When adding a subscript zero, Cq (R; F), we restrict ourself to compactly supported 
elements. Furthermore, let C a (R; F) denote the space of all absolutely continuous F- valued 
functions such that, for / G C a (R; F), its Radon-Nikodym derivative admits a cadlag version. 
In fact, the cadlag version is at the same time the right derivative of / G C a (R; F) and will 
be denoted by /'. When restricting to functions defined just on some subset S C R, we 
simply replace R in these symbols by S. 

Let _Bfc ; i oc (R; F) denote the space of all Lebesgue measurable F- valued functions on R 
possessing a version that is bounded on every finite subinterval of R. 

Finally, let C k (E) be the space of all k times continuously differentiable real functions 
on E C F. When adding here a subscript b, C k (E), we just count in the bounded functions 
of C k (E) with bounded derivatives up to order k. 

Let t > 0. Moreover, let 

= n, se[o,t), D 1 (s) = o, seR\[0,f), 

-H-2f iise[%5k-t,£-t) 
o HseR\[^-t,^-t) 

k G {l,...,2 m }, m G Z + . 

Furthermore, let fj,j G {1, . . . , n • d}, be a standard basis in R n ' d , and define 
E n . d<q _ 1)+j := D q - fj, q G N , j G {1, . . . , n ■ d}, 

as well as 

E { ™\s) := E k (s + (w - l)t) , s G R, k G N, w G Z, 

and rename the elements of {E { k w) :keN, w G Z} as {H u H 2 , . . . }. 

Let I(m,r) be the set of all indices such that {if, : i G J(m,r)} is the set of all Hj with 
Hj(s) = 0, s [—rt, (r — l)t], and supp ifj is a closed interval of the form [|=£ • t, ^ • i], 
0<m'<m — 1, mG Z + , r G N. Furthermore, set J(m) := |J rgN J(m,r), m G Z + and 
:=U mgZ+ %/UeN. 

Let p mjn resp. p m , denote the orthogonal projection from L^ oc (R;F) to the linear sub- 
space spanned by {Hi : i G I(m,r)}, resp. {Hi : i G J(m)}. 

Let 7?. = 7?.(r) := [— rt, (r — For calculations under the measure Q^'^ we will use 
the set 

H = HW :={(g,y) :geL 2 (n;F), y G F} . 
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Let 1-r denote that real measure on R which is the Lebesgue measure on 1Z and zero on 
R\TZ. In addition, identify H with the space {(g,y) : g G L 2 (R, l n \ F), y G F}. The inner 
product in if is (/ii, Z^)// = {fi, A)l 2 + (xi,x 2 )f but let us also use the notation 

(h, h 2 ) H ^F ■= (A, A)l 2 ->f + x 2 )f^f , ^ = (A x i) e * e {!» 2 }- 

Again, we embed if into C(R; F) by j(A^) := (J f(s)ds,x) = xl + f f(s)ds. The 
latter gives also rise to set 



Finally, let if (m - r) resp. iF m ) be the linear space spanned by {(Hi,x) : i G I(m,r), x G F} 
resp. {(ifj, x) : i G J(m), x G F}. 

1.2 Probabilistic setting 

Two-sided Brownian motion with random initial data. Let v be a probability 
distribution on (F, 13(F)), here F = R n ' d . Let the probability space (Q.,F,Q V ) be given by 
the following. 

(i) Vt = C(1R; F), the space of all continuous functions from R to F. Identify C(R; F) = 
{u G C(R; F) : w(0) = 0} x F, here also F = R n " d . 

(ii) F, the a-algebra of Borel sets with respect to uniform convergence on compact subsets 



(iii) Q v , the probability measure on (fi,F) for which, when given Wo, both (W s — W / o)s>o 
as well as (W- s — Wo) s >o are independent standard Brownian motions with state space 
(F,B(F)). Assume W to be independent of (W s — W / )seR and distributed according 
to v. 

In addition, we will assume that the natural filtration {F„ = a(W a — Wp : u < a, (5 < 
v) x a(W ) : —00 < u < v < 00} is completed by the (^-completion of F. 

For the measure v we shall assume the following throughout the paper. 

(i) i/ admits a density m with respect to and m is symmetric with respect to the n 
d-dimensional components of F. 

(ii) m is supported by a set D n where D is a bounded d- dimensional domain such that 



(iii) Furthermore, let us assume that there exist Q G (1, 00) such that, for all y G F, 



Measure, gradient, and stochastic integral under projections. Recalling the 

projections on subspaces spanned by sets of Haar functions, for (/, x) G L 2 x F, we set 



r'g ■= (g', 9(0)) , g e C a (R; F) with g ' e L 2 (R, l n] F). 



of R. 



< m G C l (D n ) and 



lim m(x) = . 




exists in L Q (F, v) . 
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q m Af> x ) '■= (Pm,rf,x) and q m (f , x) := (p m f,x). For Q 3 W = y + Y^l 1 x i - J Hi(u) du such 
that the sum converges uniformly on finite intervals we will use the notation 

and qmj^iW) := I ^ Xj ■ H h y 

\ieJ(m) , 

which is compatible with the operator j defined in the end of Subsection 1.1 and the just 
defined projections g m>r and q m . The sum ^ igJ ( m ) Xi ■ Hi is to be understood in the sense 
Lf oc (R; F). We are now able to introduce the projections 

-iw'"W) and ^(wo^jw- 1 ^, Wea 

Furthermore, we introduce the measure Q^™'^ on (0, jB(Q)) by 

Q[T' r) (n\{n m>r (W):Wen}) = o 

and, on {K m>r {W) : W eQ},by 

Q^ X) =Q v on-] r , meZ + ,rEK 
Similarly, we define the measure on (Q,B(Q)) by 

(Q\{n m (W):WeQ}) = 

and, on {n m (W) :WeQ},by 

Ql m) = Qu o TT" 1 , mGZ + . 

Likewise, but without indicating this in the notation, let us also define the measure Q( < m ' r ) 
on Borel subsets Q' G B(Q) with {7r m , r (W) : W G fi} C Q' and the measure on ft' 

whenever {vr m (iy) : W G fi} C Q'. 

Definition 1.1 (a) Let / G C 6 1 (K #J ( m ' r > +,w *), (e, W) be the vector of all (e^Wo)^ j G 
{1, . . . , n ■ d}, and (H, W) be the vector of all (H h dW) L 2, i G J(m, r), W G C(R; F). Let 
ip(W) := / ((H, W), (e, W)). Define the gradient of a cylindrical function with respect to 
the measure Q^ 1 ' 1 "' by 

B<p(W)(j(g,x)) := ]T /i((H,Vr),( e! W))-(^^) i2 

ig/(m,r) 

+ X)/i((H,W>,(e,W».(e i , a ;> f . 
i=l 

where /j denotes the first order derivative of / relative to % G I(m, r) and /j is the first order 
derivative of / relative to j G {1, . . . , n • d}. 

We remark that Definition 11.11 (a) is in compliance with (16.41) and f)6.5p by choosing 
li := (—dHi,0), i G I(m,r), and lj := (0, e^), j G {1, . . . ,n ■ d}. Let C = C(Q) denote the 
set of all cylindrical functions of the above form. Let Q be the number appearing in the 
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definition of the density m and 1/p + 1/Q < 1. C is dense in L P (Q, Qi"'^)- As an adaption 
of Proposition ES\ the operator (D, C) := (J* o D, C) is closable on U{VL, Q^; H). 

Definition 1.1 continued, (b) Let (D,D Pt i) = (D, D Pt x(Q^ n ' r ')) denote the closure of 
(D, C) := (j* o D, C) on L p {Vt, <3l m ' r) ; H). 

(c) If no ambiguity is possible we will also use the symbol (D, D p i) to denote the (vectors 
of) gradients of functions of type Q — > F. 

(d) Let <p G D Pt i be of type f) — >• R. If <p is for W G £1 of the form p(W - W 1, W ) 
and the n ■ d- dimensional vector of the directional derivatives of (p in the directions of 
the components of Wq exists in the sense of differentiation in L P (Q, Q { ™> r) \ F) then let it be 
denoted by Vw <p = Vw y>(W). When emphasizing that D(p(W) G H for Q[, m ' r) -a.e. W G Q 
or stressing the particular form of the gradient we will use the notation 

D<p(W) = ((Dip)i(W),(Dip) 2 (W)) 

or 

D<p(W) = ([Dv)i{W)^wMW)) ■ 

(e) Let / G \J™=i C b( Rk+n ' d ) and w e C(R;F). Let (e,W) be the vector of all ( ej , W ) F , 
j G {1, ... ,n - d}. Furthermore, let k G N, h, . . . , ik G J(m), and (H, W) be the vector of 
all (H k ,dW) L 2, le{l,...,k}. Let p(W) := / ((H, W), (e, W)). Define here the gradient of 
a cylindrical function with respect to the measure Qy"' by 

B<p(W)(j(g,x)) := ]T / z ((H,W),(e,W))-(^^) i2 
Je{i,...,fc} 

n-d 

+ 53/ i ((H,^),(e,W))-<e i ,x) F 
i=i 

where /z denotes the first order derivative of / relative to the index ii, I G {1, . . . , k}, and fj is 
the first order derivative of / relative to j G {1, . . . , n-d}. Parts (b)-(d) can now be modified 
to the definition of (D,D Pt i(Q^)) by replacing I(m,r) with J(m), Q^ 7 "^ with Q^, and 
H with {(g,y) : g G L 2 (M; F), j/ G F} (with inner product (/ii, h 2 ) = (fi, / 2 }l 2 + (^l, 

Referring to part (d), it is important to note that, for (p G D P) i, Dtp is Q^'^-a.e a linear 
combination of (Hi, -)l 2 , i £ I(m,r), and (e 3 -, -)f, j G {1, . . . ,n-d}, with random coefficients. 
For this, see also Lemma 12.21 (a) below. 

Definition 1.1 continued, (f) Let l/q'+l/Q < 1, l/p'+l/q' — 1, and £ G L p ' (Q,Q^;H). 
We say that £ G Dony(5) if there exists cy(£) > such that 

J (D v ,i) H dQ^ r) < cAO ■ IMI M '(n,Q^) > V e ^M(Qi m, °)- 
In this case, we define the stochastic integral = 5( m ' r )(£) by 

j -VdQ { r ] = j &D V ) H dQ^ , <p G D q , A (Q^) . 
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The representations of Theorem 16. 71 apply. Furthermore, G L p ' (ft, Q^ n,r " > ) by the Hahn- 
Banach theorem. Furthermore, in order to motivate this definition, we note that -D,j',i(Ql m ' r ' > ) 
is defined for 1/q' + l/Q < 1, recall also Proposition 16.31 

Gradients with respect to an individual trajectory Let £ = £,{W) be an F- valued 
random variable with F being a metric space. 

Definition 1.2 (a) For fixed W G ft and x G F, let 

n-d r\ 

V^(W + xl) := £ + xl) ■ (0, e,) 

i=i X] 

whenever the partial derivatives -£^^(W + xl) = lim^o \ + xl + hejl) — £(W+ xl)) 

exist in F for all j G { 1 , . . . , n • d} . 

(b) Set 

V Wo t{W) := V x \ x=Wo £{W - W 1 + xl) . 

(c) For W G ft and := / cfo let 

iel(r) 2 

whenever the partial derivatives = lim/i^o \ + tiKi) — (,(W)) exist in F for 

all i G J(r) and the sum converges in H . 

(d) For W G ft, set 

Vh£W := V G £(W) + V W £{W) . 

Finite dimensional divergence Let £ = £(W) be an F = R -valued random vari- 
able. Let VvK be either as in part (d) of Definition 11.11 or as in part (d) of Definition 11.21 

Set 

Vd.wbtfW) := ((Vwo (WJ, , • • • , (V Wo (e(^)) n J n . d ) T • 

Definition 1.3 The divergence of £ respect to the coordinates of Wo is 

(e, V^oOf = ( e J' (£' e i>F ) F • 

The spaces J p , and K q i, flows belonging to T P< \{W). 

Definition 1.4 Let 1 < p < oo and I p = I p (Q^ n ' r ') denote the set of all F- valued processes 
y = y(W) such that 

(i) Y(W) = Y a (W) + Yj(W) where 
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(ii) Y a (W) is an absolutely continuous process with j x Y a G L p (il, Q^ 71 '^; H) and 

(iii) Yj(W) is a cadlag pure jump process with | ((Yj)o- + (^)o) = that is of locally finite 



variation on K, Y^fr) = E.^ES l((^)« - e ^(n.QM- 



Definition 1.5 (a) Let = Jp,i(W, Q( m,r) ), 1 < p < oo, denote the set of all Q- 

valued random flows W p = W + g(p, W), p G R, on (ft, Q(, m ' r) ), with 

(i) g(p, •) G j if := {j/i : /i G H} given by the mixed derivative 

d ± 



(ii) r 1 ^,-)^^^^),^!- 

(b) Let Q be the number appearing in the definition of the density m and 1/q + 1/Q < 1. 
Furthermore, let 1 < p < oo with 1/p + 1/q — 1. Introduce 



F^ ee F 9il (Q<™-'>) 

C&7 



(7=0 



l p(W°) = (D l p(W),j- 1 g(0,W)) H 
Q^)-a.e. for all (W"% 6R G 



Definition 1.6 Let Q be the number appearing in the definition of the density m and 
1/q + 1/Q < 1. Let F ?; i = F^i (Q^ m,r - ) ) be the set of all processes Y for which 

(i) Y s G F ?;1 , s G ft, 

(ii) Q^ ri ' r - ) -a.e. we have D t Y. G jif and t — > j~ 1 D t Y. has a right continuous version for 
which the linear span of {j^DfY. : t G 71} is dense in H. Furthermore, j~ l DY. G 
L q (Q, <5i m ' r) ; H ® H) and ' 

(iii) we have {r l DY,h) H ^ F G IJ>{Q,Q^-H), and (F/K, K)h^f — jU^DY., h)n^F for 
all /i G L P (Q, QM- H), 1/p + 1/g = 1. 

Let h E H. It follows from (ii) that <5i" 1 ' r ' ) -a.e. we have 

(Ir^.^H-^eff, (ir^l.fc^e^, (r^.^eF. 

The process X. Let A = be a stochastic process with trajectories that belong 

to B},.i oc (R] F) and are cadlag. Introduce 

X ■= W + A. 

This induces path wise a measurable map X = u(W) : Q = C(R; F) — >■ Fb ; i oc (IR; F) which we 
assume to be injective. The measure P M := Q u ou' 1 is the law of X. Since Q„(Wq G D") = 1 
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it is reasonable to set A(W) = whenever Wq G" D n . Otherwise we will assume that 
X s e D n , s e R. 

The subscript n indicates the distribution of X = W + A . We will use the symbol X 
when we primarily want to refer to X = X(W) as a stochastic process, and we will use the 
symbol u = u{W) in order to refer to the map u : C{R;F) — > -B 6; i oc (R; F) . Let us define 
tt u := {u{W) : W G C(R; F)} and 



p(m,r) Q(m,r) -1 d p(m) g(, 



rn) 



o M 



Jumps of X. Let AI, := X w - X w _. For W G fi with W = and X = u(W) let 
< ti = ri(X) < t 2 = t 2 (X) . . . denote the jump times of X on (0, oo), i.e., the times w for 
which AX W 7^ 0. Accordingly, let ... t_ 2 = r_ 2 (A A ) < r_i = r_i(X) < denote the jump 
times on (— oo, 0]. 

Based on this, let us introduce the numbering of the jumps of X = u(W) for general 
Wq G F. 

Definition 1.7 Suppose that for each k G Z \ {0} there is a map : Q = {H 7 G : Wo = 
0} x F -> 1 satisfying the following. 

(j) For each fixed W G fi with W = and fc G Z\{0} the map F 3 x -> r fc (Mo(W+xl)) is 
piecewise continuously differentiable on F. That is, there exist finitely many mutually 
exclusive open sets F\ = F\(k), F 2 = -F 2 (/c), . . . with piecewise C 1 -boundary and F = 
|J i Fi such that 

r fc (no(W+-l)) GQ 2 (F), i,kN. 

J* 

In addition, if x G |J i 9Fj then there exist i = io(k) such that r k {u o (W + • 1)) as 
well as V x Tk{u o (W + ■ 1)) can continuously be extended from Fi to Xq. 

(jj) For each W G Q and X = u(W) the sequence . . . r_ 2 = t_ 2 (X) < r_ x = r_i(X) < 
ri = ti(X) < r 2 = r 2 (X) ... is the sequence of all jump times of X. 

For each W G and X = u{W) let r = r (X) := sup{r fc : r k < 0, fc G Z \ {0}}. 

However keep in mind that r_i < To < ri is not necessarily true. For every finite subinterval 
5 of R and all W G fi with W = 0, let us introduce 

W) := [J {x G dFi(k) : r fc (u o (W + a;!)) G 5} . 

Let us furthermore define G(W) := [J s G(S;W) where the union is taken over all finite 
subinterval S of M. and stress that we have u(G(W)) = 0. Moreover, to simplify the notation 
we will use X Tk (W), A Tk (W), etc. rather than X TkOU (W), A TkOU (W) etc. 

Remark. (1) For given W G fi with Wq = 0, let {Gi : i G N} denote the set of all 
components of F \ G(W). It is a consequence of Definition 1 1 . 71 that . for given W G fi with 
Wq = and xo G D n there exists a time re-parametrization a(s,x) = W, xo), seR, 

x G F ; mi/i respect to W and xq such that we have the following. 

(i) 

a g C?(R xGA, ten. 
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(ii) For x\ G \JidGi there exist %\ independent of xo such that a(s, •) as well as V x cr(s, •) 
can continuously be extended from G^ to xi, sGl. 

(hi) <j(s,Xq) = s for all s6i 

(iv) For every x G F, cr(-,x) G C^RjR) and, coordinate wise, 

d 

—a(s,x) > , s G S. 

OS 

(v) a (r k ou{W + x t),x) = r k o u (W + xl) , x <E F, k <E Z\ {0}. 

Keeping property (v) of Remark (1) in mind, the next condition (jjj) says that jumps of 
parallel trajectories in fl have to be compatible with each other in a certain sense. This 
condition is trivially satisfied if, for example, parallel trajectories in Q generate identical 
jump times for X. In fact, the following condition (jjj) is crucial if parallel trajectories in Q 
do not necessarily generate identical jump times for X. Condition (jv) has been discussed 
in the motivating part of this section. 

Definition 1.7 continued. For W G f2 with Wq = and xq G D n we assume that there 
exists a time re-parametrization a(s,x) = a(s,x; W, xq), s G R, x G D n , with respect to W 
and x such that (i)-(v) of Remark (1) and we have the following. 

(jjj) For every finite subinterval S of R there is an e = e(S) > such that for all k G Z\ {0} 
with r k o u(W + x l) G 5 we have 

a (jk o u(W + xl) +S,x) - a (r k o u(W + x l),x) 
= r k o u (W + xl) + 5 - r k o u (W + x l) 

for all |5| < e and x G -D™. 

(jv) V Wo r k o U (W^) is orthogonal in F to A (A Tk (W) - Y Tk (W)), keZ\ {0}. 

Assumptions on X. Let us post a list of assumptions on X which we will make use 
of in different stages of the paper. Again, let Q be the number appearing in the definition 
of the density m. 

(1) A has on \J m {^mW '■ W G fl} a local spatial gradient. That is, 

(i) for all W G {7r m V : V G f2} with W = 0, x G F, s G R, and k = k(W,x) = 
max{Z G Z \ {0} : n(u(W + xl)) < s} the gradient V X A S (W + xl) exists and is 
bounded and continuous on some neighborhood U SiX C Fj x R e Fj(fc) x 1 of 
(s, x) whenever x G Fj and s > Tfc(w(W^ + xl)). 

(ii) If x G (Jj, dFii(k) and s > Tfc(-u(W^ + xl)) then, with i given by (j), there exists 
a neighborhood U s x 14 of (s,x) such that the gradient V X A S (W^ + xl) is well- 
defined, bounded, and continuous on (U s xV x )C\(Rx F io ) = (Z7 S x \4)fl(Rx F io (k)) 
and can continuously be extended from U s x F io to C/ s x {x}. 

(iii) If s = T k {u{W + xl)) and x G Fi{k) or x G dF io (k) = dFi(k) in the sense 
of the previous paragraph, then there exists a neighborhood U SjX of (s, x) such 
that the gradient V x A s (Vr + xl) is well-defined, bounded, and continuous on 
U s , x n{(v,y) G R x Fi : T k{w>x) (u(W + yl)) < v < T k ( W ,x)+i(u(W + yt))} and can 
continuously be extended from this set to (s,x). 
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(iv) The bound on the gradients V ' X A S {W + xl) is uniform for all W G \J m {^ m V : 
V G ft, Vq = 0} and (s, x) G 5 x F where S is any finite subinterval of R. 

In this way, Vw A s (W) is well-defined for all W G \J m {^ m V : V G ft} and s G R. Condition 
(1) is rather sophisticated. In simplified situations we may use the following condition. 

(1') u s G D qA = D q!l (Q(™< r )), s G R, for some q with 1/q + 1/Q < 1. 

We remark that for the well-definiteness of u s G D q i we only need 1/q + 1/Q < 1, cf. 
Definition 11.11 However, for example, in Lemma [3.21 (f) below we need 1/q + 1/Q < 1. For 
the next condition we recall the fact that the right continuous version of a Radon-Nikodym 
derivative with respect to the time is, whenever it exists, nothing but the right derivative. 
We will use the symbol " ' " for this. 

(2) (i) For all W G ft and A = A(W), A = A 1 + A 2 . A 1 is a continuous process and A 2 

is a pure jump process with A 2 _ t = = such that, for fixed time s G R, A 2 
jumps only on Q^- and Q„-zero sets. 

Furthermore, on \J m {(Tc m W). +w : W G f2 , w G [0, ■ t) }, the jumps of A 2 do 
not accumulate at finite time and A 1 possesses a Radon-Nikodym derivative with 
cadlag version A 1 ' = A'. 

(ii) Moreover, 

V Wo A' s (W) := V x \ x=Wo A' s (W-W l + xl). 

exists and is bounded on |J m {(7r m W) . +w : W G £1 , w G [0, • £)} uniformly for 
all s belonging to any finite subinterval of R. The same holds for the right 
continuous version of A_ . . 

(iii) For W G {J m {(7r m V). +w : V G Q , 10 G [0, ^ ■ t) } with W = and k G Z \ {0} 
the map F 3 x — > AA Tk (W + xl) is piecewise continuously differentiable on 
F. That is AA Tk (W + ■ 1) satisfies (j) of the definition of the jump times with 
AA Tk (W + ■ 1) instead of r k (W + ■ 1). 

(3) (i) There exists Y = Y(W) such that X = X(W) is a temporally homogeneous 

function of W G ft in the sense that for W u := W. +u + (A U (W) - Y U {W)) 1 we 
have 

W° = W, A ({W u ) v ) = A {W U+V ), 

and 

X. +V (W) = X{W V ) , «,tJGi 

In the subsequent part (ii) we use the fact that, according to part (i) of this condition, the 
jump times of u{W v ) are the jump times of X = u(W) minus v. For a subset S C R, we 
define S G v = {s e R : s + v <E S}. 

(3) (ii) For every finite subinterval S of R and W G {rr m V : V e Q} with W £ G{S; W- 
WqI) there exists e > such that for all v G S the Euclidean distance of Wq and 
G(5 v; W v - W$t) is at least e. 
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(iii) Furthermore, sup sH/ |Y S (W)| < oo and Y(W) = if W G" D n and Y has on 
Uml 71 '™^ : W E Q} a local spatial gradient (cf. (1)). In addition, Y has all the 
properties of A mentioned in (2). In particular, the set of the jump times of Y is 
a subset of the set of the jump times of A. 

The following condition describes the notion of continuity on Q we are going to use. 

(4) (i) Q 3 W n ^± W G Q relative to the topology of coordinate wise uniform con- 
vergence on compact subsets of R and Wq $ G(S; W — Wot) imply 

MW n ) ^± A V (W) and Y v (W n ) ^ Y V (W) 

and 

V Wo A v (W n )-V Wo Y v (W n ) ^ V Wo A v (W)-V Wo Y v (W) 
for all v G S\{Tk(X) : k G Z\{0}} and any finite subinterval ScK. Furthermore, 
AA Tk (W n ) - AY Tk (W n ) ^ AA Tk {W) — AY Tk {W) , keZ\{0}. 

(ii) 

A(W n + xl) - Y{W n + xl) - (A(W + xl) - Y(W + xl)) ^ 

in L 1 (S'; F) uniformly in x G F for all finite subintervals Scl. 

Instead of condition (4) the following will be used in particular in Section 2 below. 

(4') fl 3 W n ^± WeO relative to the topology of coordinate wise uniform convergence 
on compact subsets of R implies X s (W n ) = u s (W n ) ^± X s = u s (W) for all s G 
R\{r k (X):kEZ\{0}}. 

Remark. (2) According to conditions (1) and (3) A and Y have on {ir m V : V G Q} a 
local spatial gradient. Since by conditions (2) and (3), A 2 Tk (W + -1) and Y? k (W + -1) are 
for W G {7r m V : V G Q} with W = and k G Z \ {0} piecewise continuously differentiable 
on F, A 1 and Y 1 have on {n m V : Vefl} also a local spatial gradient. 

To ease the formulation of Theorem 11.111 below one could also require the following. 

(4") For all {j^mV : V G Q} 3 W n ^± W G Q relative to the topology of coordinate 
wise uniform convergence on compact subsets of R with Wo G" G(S; W — Wot), and all 
s G S \ {r k {X) :keZ\ {0}} where X = u{W) there exist the limit 

lim V Wo A\{W n ) - V Wo Y}(W n ) =: V Wo Al(W) - V Wo Y}(W) 

n— >oo 

where S is any finite subinterval of R. 

Assuming (4"), the piecewise continuous differentiability of AA and AY, cf. conditions (2) 
and (3), together with condition (4) (i) define Vw AA Tk — Vw AY Tk , k G Z \ {0}, Q„-a.e. 

In order to formulate the next condition, introduce 



/(*) := 



exp{-l/(l-s 2 )} , se(-l,l), 

0, sgR\(-1,1) 
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and c n := (L f(ns) ds) 1 as well as Cp, n := [j F f(n\x\) dx) 1 . Define the mollifier functions 
g n (s) := c n • f(ns) e = nci ■ f(ns) e, s 6 1, and 

7 n (x) := c F>n s ■ f (n 3 \x\) e, x G F, n G N. 

For the motivation of the order n 3 in the definition of 7„ we refer to the text above (13.871) 
in Subsection 3.3. In addition, set 

A s {-, ln )(W) := [ (A s (W + xt), ln (x)) F „dx 



s G K, n G N. Likewise define F s ( • , 7„). Furthermore, let «j := f Q Hi{u) du, i G N. 

(5) (i) For all r G N and all s G 72. = 72. (r) there exists h = h s (r) E H = H^) such that 
for all W, w G jif with u> = 0, and all e G (—1, 1), 

\A S (W + ew) - A S (W)\ < \(w',h s ) L2 \ ■ max\A s (W + eejl) - A S (W)\ 

3 

as well as 

\Y s (W + ew) -Y S (W)\ < \{w\h s ) L2 \-max\Y s (W + eejl) -Y S (W)\ 

j 

Furthermore sup sg7 ^ ||/i s ||^a < oo. 

(ii) Furthermore, for all r G N, all n G N, and all s G 72, A g (-,7 n )(W) and 
Y s ( • , 7n)(W / ) are two times Frechet different iable onWf jH = jH^ r \ 

For an F-valued random variable £ we will use the symbol /Jf£(W) to denote the Frechet 
derivative of £ at W G jiT/ if it exists. In this case, 

ie/(r) * j' J 

Furthermore, we will use the notation 

(D Fjl U(W) := ■ H ^ s ) > s e ^> 

i6/(r) 1 

if £ is on W G ji/ Frechet differentiable. For the second order Frechet derivative we will use 
the symbol D F £(W). 

(5) (iii) For all W G jH, the gradients V G A S {- , ln ){W) = {V G ) r A s {- , ln ){W) as well 
as VgY s { ■ , y n )(W) = (Vg),. Y s ( ■ , 7n)(W / ) are continuously differentiable with 
respect to the variable r G 72. 

Remarks, (on conditions (l)-(4)) (3) It follows from condition (3) that 
X v = X (W V ) = W V + (A V (W) - Y V (W)) + A (W V ) 

which implies 

Y V (W) = A (W V ) , dgK. 
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Furthermore, Y V (W U ) = A ((W u ) v ) = A (W U+V ) = Y U+V (W) which means that we have in 
addition to condition (3) also 

Y +V (W) = Y(W V ) , ueR. 

Moreover, 

A V (W U ) - A (W U ) = X V (W U ) - X (W U ) - {(W u ) v - (W u ) ) 
= X V (W U ) - X (W U ) - (w u+v - w u ) 
= X U+V {W) - X U (W) - (w u+v - w u ) 
= A U+V (W) - A U {W) , u,veR. 

It follows now from condition (3) that W(-) possesses the flow property, 

(W u ) v = {W u ). +V + (A V (W U ) - Y V {W U )) 1 

= W. +u+v + (A U (W) - Y U (W)) 1 + {A V (W U ) - Y U+V (W)) 1 
= W. +u+v + (A U (W) - A (W U ) + A V (W U )) 1 - Y U+V (W)1 
= W. +u+v + {A U+V (W) - Y U+V (W)) 1 
= W u+V , ti,»el. 

(4) If Y V (W) = Y (W) = Aq(W), v G R, W e fi, then condition (3) reads with W u := 
W. +u + (A U (W) - A (W)) l,ueR, as 

A (W V ) = A (W) , X. +V (W) = X(W V ), veR. 

If A (W) = 0, W E fi, then condition (3) (i) reads as simple as 

X. +v = X(W. +V + A v l) , veR. 

(5) By condition (2), for all m E N there exists Q^ m ^-a.e. a representation of A of the form 

A S (W)-A (W)= I b(w,X(W))dw+ Ax w( w ) , S ^ R - 
^° we(o,s] 

In case of A (W) = 0, W G fi, and G(W — W 1) = temporal homogeneity is under 
condition (2) and the first line of condition (4) (i) equivalent to the following. 

(3') We have 

b(s + v,X(W)) = b(s,X(W v )) 

and 

AX S+V (W) = AX S (W V ) , s,veR, Qi m) -a.e., m G N. 
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(6) Let W G [j m {ir m V : V G Q}. Because of A(W + xt) = whenever W + x G" D n and 
A s (W+a;][) = X s (W + xt)-W s -x and X s G £> n where D is a bounded domain, A s (W + xt) 
is bounded on (s,x) £ S x F for any finite subinterval Scl. 

It follows from condition (1) (iv) that both 

J (A s (W + yi) ,7 n (y - x)) dy and V X J (A s (W + yl) , ln (y - x)} ^ dy 

are bounded on (s,x) £ S x F for any finite subinterval Scffi. According to condition (4) 
(i) these relations hold even for all W G Q. 

By condition (3), the same holds for Y. Because of condition (3) we have for s = v + w 
the identity 

(W + yl) w = W. +w + (y + A w (W + y l) - Y w (W + y l) ) 1 

and furthermore 

A v ((W + yl) w ) =X v ((W + yl) w )-(W + yl): 

= X s (W + yl) -W s - (y + A w (W + yl) -Y w (W + yl)) 
= A s ( W + y I) - A w ( W + y l) + Y w ( W + y l) . 

Thus, both 

J (A v (W. +w + yl) ,j n {y-x)^^dy 

and 

V X J (A v (W. +w + yl) , ln (y-x)} F ^ F dy 

are bounded on (v , w, x) G S x S x F for any finite subinterval Sci Similarly, corre- 
sponding relations for Y can be verified. 

(7) Recall the existence of Vyy,^' as well as Vw Y' in the sense of condition (2) and the piece- 
wise continuous differentiability of AA and Ay, cf. conditions (2) and (3). These properties 
yield the existence and the right continuity of s — >• Vw Al(W) + J2{k>i-r k ou<s} ^w AA Tk as 
well as s ->• V Wo Y}{W) + £ {Jfc > l!71bOU < a} V Wo AY Tk and implies 

V Wo A s = V Wo Al(W)+ Yl V Wo AA Tk 

{k>l:T k ou<s} 

as well as 

V Wo Y s = V Wo Y}(W)+ E ^ Wo AY Tk 

{k>l:r k ou<s} 

for all, without loss of generality, s > r_i o « and W G { (ttVti V^) -~\-w '■ V £ Q , w G [0, • } 
such that Wo G(S; W — Wot). For the consequence of this remark to the formulation of 
Theorem II . Ill b elow . recall condition (4"). 

The spaces Dg U Eq,n an d K^i'i flows belonging to J^ipf). For the rest of this 
subsection, let X = u{W) be a bijection C{R; F) -> C{R; F). Although this implies Q = Q u 
we will use the symbol Q u for a better indication. 
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Definition 1.8 Let C(Q U ) denote the set of all cylindrical functions of Definition 11.11 with 
W replaced by X. Let Q be the number from the definition of the density m and let 
1/q + 1/Q < 1. Let D n be that version of D that acts on functions if) with arguments X = 
u(W) rather than W . In particular, suppose that the operator (D U ,C) := (j* o 3 U ,C(Q U )) 
is closable on L%Q U , P^- H). 

(a) Following the lines of Definition II . II and replacing there W by X, we introduce the space 
D q,i = D g,i( p i m,r) ) as the closure of (D U ,C{VL U )) := (j* oD",C(fl u )) on L q (tt u , P^; H). 

(b) If no ambiguity is possible we will also use the symbol (D u , D ql ) to denote the (vectors 
of) gradients of functions of type fl u — > F. 

(c) Let ip E D u q l be of type Vt u ->• M. If -0 is for X E tt u of the form if)(X - X 1,X ) 
and the n ■ d- dimensional vector of the directional derivatives of if) in the directions of the 
components of X$ exists in the sense of differentiation in L q (fl u , P( m,r) ; F) then let it be 
denoted by V Xo ^ = ^x ^{X). 

(d) Let £ = £(X) be an F = IR nd - valued random variable. Set 



Definition 1.9 (a) Let 1 < p < oo and F P ,\{X) = T P>1 (X, Pj m ' r )) denote the set of all 
^"-valued random flows X p = X + g(p, X), p'e E, on (fl u , Pj m ' r) ) with 

(i) 9(j>, •) e jH := {jh : he H} given by 

g(p,-)(s) = ^g(p,-)(s), seU,peR Pf^-a.e. 

(ii) r l g(p, ■) e PjT' r) ; H),peR. 



(b) Let Q be the number from the definition of the density m and let 1/q + 1/Q < 1 as well 
as l/p+ 1/q = 1. Furthermore, let (X p ) pgK G J-" Pj i(X). Introduce 



Definition 1.10 Let Q be the number from the definition of the density m and 1/q+l/Q < 



1. Let iiT^j = i(Tg j (P^ m ' r ^) be the set of all processes Y for which 

(i) Y s e E^, s e K, 

(ii) P^-a.e. we have D?Y. e jH, t e ft. Furthermore, j^D^Y. e L"(fi", P^); 



V d ,x £(X) := ((Vx - - - , (Vx (£(*)) J n . d ) 



The divergence of £ roi/i respect to the coordinates of X is 
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(iii) {j- x D»Y.,h) H -> F G D>{W,P^)-H), and (D u Y,h) H ^ F = j{j- l D^Y.,h) H ^ F for all 
h G L P (Q U ,P^;H), l/p+ 1/q = 1. 



Remarks. (8) (on Definitions ll.81fT.10p When working with one of the spaces D^, E^, 
or K™^ we will always suppose that the operator (D U ,C) := (J* o 3 U ,C(Q U )) is closable on 

£9(fi« pKr) ; #). 

(9) (on Definitions 11.51 and II. 91) Let </? G C(O) be a cylindrical function in the sense of 
Definition O (a), i. e., <p(W) := f ((H, W), (e, W)) with / G c£(R #/ < m ' r > +n - d ), 
denoting the vector of all (ey, Wo)f, j G {1, . . . , n • d}, and (H, W) being the vector of all 
(H h dW) L 2, i E J(m,r), W G C(M;F). By Definition O (a) 



dcx 



(H i ,dW)„ = (H i ,dg(0,W)) H 



(7=0 



because of the particular structure of if,, W a = W + g(a, W), and (W p ) pe M. G -7^,1 (W). 
Furthermore, 



d± 
da 



(e J ,^) F =(e J ,<)(0,^)(0)) J 



cr=0 



Let /j denote the first order derivative of / relative to i G I(m, r) and let fj be the first 
order derivative of / relative to j G {1, . . . , n • d}. The last two relations imply ip G Ei >q 
since 



d± 
dcr 



(7=0 



da 



f((R,W°),(e,W°)) 



CT=Q 



£ / i «H,W>,<e,W0) 



i£l(m,r) 
n-d 



d± 
dcr 



(7=0 



+ ^/,((H,H/),(e,M/))-- 



3=1 



(e*,Wo>j 



(7=0 



(ZtyCWO.-rtCO, ^)> H Qi m ' r) -a.e. for all (W)^ G 



Similarly, V G if V e C(VL U ) 



1.3 Main result 

The main purpose of the paper is to specify a class of processes X = X(W) and a class of 
distributions u for which the Radon-Nikodym densities 



== ¥^ and P _ t{ X) , P ^ 



Q v (dW) 



PM X ) 



t G 



exist and to give a representation of these densities. Let E v denote the expectation with 
respect to the measure Q v and let | • |$ be the absolute value of the z-th coordinate. 



Theorem 1.11 Assume (l)-(5). (a) Fort G R the density U- t exists and we have Q v -a.e. 

n-d 



._, w ^( x -'- y -" .nie+v 

m(Wb) A | l 

v J=l 



T.T 
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//, in addition, (4") is satisfied then with I_ t := ((— t) A r_i, (— t) V r_i] ,6 = 1 «/r_i < —t, 
and b = — 1 «/r_i > — t we have the representation 

w_ t (WQ = — ^ — — — — - x 
m(W ) 



n-d 

X 

i=l 



{fc:T fc OM6i_t} 



n 

i=i 

For t G R i/ie density p^ t exists and we have P^-a.e. 



p_ t X = V , _ ' 1 ■ H Wd,w X-t - V d , Wo Y_ t o u- 1 . (1.2) 



If A 2 = 0, i. e., if X, A, and Y are continuous processes, then the conditions under 
which we have (11. ip and (II. 2p simplify as follows. 

Theorem 1.12 Assume the following. 

(i) A has on \J m {^mW : W E Q} a local spatial gradient. That is, for all W G {n m V : 
V G Q} with Wo = 0, x G F, and s£l, the gradient V X A S (W + xl) exists such that 
we have (1) (iv). Furthermore, suppose (V). 

(ii) On {7T m W : W G Q}, A possesses a Radon-Nikodym derivative with cadlag version A . 
Furthermore, we have (2) (ii). 

(Hi) We have (3) (i) and (Hi) (without jump times) as well as Y s G D q ,i(Qi l,r '), s G R, 
for q defined in (I 7 ). 

(iv) {j m {^mV : V G Q} 3 W n W G Vt relative to the topology of coordinate wise 
uniform convergence on compact subsets of R implies 

A v {W n ) ^ A V (W) and Y v (W n ) ^ Y V (W) 

and 

V Wo A v (W n )-V Wo Yv(W n ) ^ V Wo A v (W)-V Wo Yv(W) 
for all v G S and any finite subinterval ScM. Also suppose (4) (ii)- 

(v) For all r G N, all n G N, and all s e ^(W 7 ) and Y S (W) are two times Frechet 
differentiate on W £ jH . Furthermore, for all W G jH , the gradients VgA s (W) = 
(Vg) A s (W) as well as VgY s (W) = (VG) r Ys(W) are continuous with respect to the 
variable r E1Z. 

Then we have U.l\) and U.2\) . 

We stress that the technical conditions on the density m formulated in the beginning of 
Subsection 1.2 are crucial in the proofs of Theorem 11.111 and Theorem 11.121 A significant 
relaxation of the conditions on m is possible once we have determined the representations 
(II. ip and (ll.2p for uj_ t (W) and under the conditions of Subsection 1.2. This two-step 

procedure is the reason for presenting the relaxation in a separate corollary. 
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Corollary 1.13 Suppose ( fi. 1\) for some rh satisfying the conditions on the Lebesgue density 
of Wo formulated in the beginning of Subsection 1.2. Let m be a strictly positive, everywhere 
on D n defined real function which is on D n integrable respect to Xp. Suppose also J D „ mdx = 
1 and let Q v be defined accordingly. Then, for Q u and P^ := Q v o u^ 1 , relations U.l\) and 
M.2\) hold true. 

Proof. Let F be a bounded measurable function on SI. Set v := mdx and let Q^, be defined 
accordingly. Furthermore, let Q be the expression defined in (jl.ip with m replaced by m. 
We have 



J J m(W ) 



' m (X-i - y_ t ) m(W ) 



J F (W~ l ) ■ co- t (W) dQ„ 



□ 



We continue with two corollaries of Theorem 11.111 and Theorem 11.121 for which we pay 
particular attention to condition (1) (iv) and (4) (i) and, respectively, (i) and (iv) of Theorem 
11.121 The first one is the following disintegration formula for the measure P M . For this 
let ix ■= {X_t : t G R}, u~\X) G SI, and X := {£ x ■ « _1 (X) G SI}. For A G F 
set A := {£x '■ X = u(W), W G A}. Endow X with the sub-cr algebra F x of u o F 
generated by all such sets A. Furthermore, define the measure T on (X,F X ) by T(A) := 

({X : there exists £ G A such that X G £}). 

Corollary 1.14 Suppose the hypotheses of Theorem \l.ll\ or Theorem \1.12\ and let m be as 
in Corollaru \1.13[ For T-a.e. (e^ there exists a measure 7^ on £ endowed with the trace-a 
algebra F^ of u o F to £ such that for AeuoJ 7 and A^ : = £ fl A 



For T-a.e. £ G X and X G £, we /jaue 

74 ({X +Jim :fc6Z\{0}})=0. 

Furthermore, for T-a.e. £ G X G £, -t G R \ {r fc (X) : fc G Z \ {0}}, and X 1 = X._ t we 
have 

where p is given by ^1.2\) . 

An immediate but useful consequence of Corollary 11.141 as well as Theorem 11.111 or Theorem 
11.121 is the following one. 
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Corollary 1.15 Suppose the hypotheses of Theorem \l.ll\ or Theorem \1.12\ and let m be as 
in Corollary \1.13\. Let A be an index set. Assume that 

(i) for every a G A, there is a set Q a G J 7 such that Uae^^a = ^ and a.\ ^ ai implies 
Q ai fl Vt a , 2 = and 

(ii) u~ l o X G Q a implies u -1 o X.-t G Q a for all t G R, a G A. 

Let t(a) : A — > R be a bounded map and define the random time r a = T a (X) on (fl, J 7 ) by 
r a o u := t(a) on Q a , a G A. Then we have 



Pfj,{— T a is a jump time for X) = 

and 

P^dX.-T-a 



P^dX) 

where p is given by hi. 2) . 



P- T <*(X) P^-a.e. 



The restriction to bounded domains D is due to techniques used in the proofs. A possi- 
bility to establish absolute continuity under time shift of trajectories of processes with un- 
bounded state space comes with the following proposition. For this let X = X(W) = W + A 
be a stochastic process with Aq = and state space D n where D C R d is a possibly un- 
bounded domain. Let D C R d be a bounded domain in the above setting and g : D n — > D n 
be a bijection. Define 

w := </(w )i+ - w i, wen, Wo g £> n , 

and 

^ : =^- 1 (w )I+ W- W I, WeQ,W eD n . 

Furthermore, let A(W) := g o X(W) — for G f2 with W G £> n . This yields 

X(W) := goX.(W) = W + A(W) , WeVt,W eD n . 

The formulation and the proof of the following proposition does not take into consideration 
the distribution of W . 

Proposition 1.16 Assume the following. 

(i) X = W + A where W is a two-sided Brownian motion with the law of Wq supported 
by D n and X : ft — > P& ; i oc (R; F) is a measurable map. 

(ii) A = 0. 

(in) With W v := W. +v + A V {W)1 we have X(W V ) = X. +V (W), v G R. 

Then A (W) = for all W G Q such that W G D n and with W v := W. +v + A V (W)1 we 
have 

X(W" V ) = X. +V (W) , veR. 
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Proof. Let W G Q with Wo G D n . By (i) and (ii), we have A Q (W) = g(X (W)) - W Q = 
g(W + A (W)) - W = g(W ) -W o = 0. In addition, 

W V = g- 1 (Wo v ) = g- 1 (W v + A V (W)) = g' 1 (x v (wfj = X V (W) = Wg 
which implies 

W~" — (W) V = W v , dgR. 

With (iii) we obtain 

X(W* V ) =goX. (w^ ) = g o X. (W v ) =go X. +v (W) = X. +V (W) , ueR. 

□ 

In fact, based on (i) and (iii) of Proposition I1.16[ we have verified condition (3) (i) for 
X. In words, this says that for A = temporal homogeneity is invariant under bijective 
space transformation. For the absolute continuity under time shift of trajectories for X 
check now the remaining conditions of Theorem 11.111 or Theorem I1.12[ respective Corollary 
11.131 relative to X. An immediate consequence is absolute continuity under time shift of 
trajectories for X. 

2 Flows and Logarithmic Derivative Relative to X un- 
der Orthogonal Projection 

In this section we are primarily interested in the analysis of the process X = u(W) where 
we just focus on conditions (1') and (4') of Subsection 1.2. In particular, we do not refer to 
X = W + A. In Subsection 2.1, we will introduce elements of the calculus on orthogonal 
projections of W. Subsections 2.2 and 2.3 will be dedicated to the analysis of related flows 
and logarithmic derivatives. 

In order to prove Theorem 11.111 we will apply the following approximation theorem. 

Theorem 2.1 (Specification of Theorem 3.1 in JM/, Theorem 3 in Tffl$ ) Suppose that M is 
a separable metric space, n is a probability measure defined on the Borel a-algebra over M , 
and f n :M—> M , n e N, is a sequence of measurable maps. Assume that the following 
conditions are satisfied: 

(i) For every n e N the measure fi o f' 1 is absolutely continuous with respect to the 
measure fi. 

(ii) The sequence of densities d/j, o f~ x jd\i, n G N ; is uniformly integrable. 
(Hi) fn / in the measure \i for some f : M — > M. 

Then /io/ _1 is absolutely continuous with respect to the measure /i. If dfi o f~ x / dfi ^± p 
in the measure fi then p = dfio f~ x jd[i. 
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2.1 Elements of the analysis on orthogonal projections of Brow- 
nian paths 

Starting point is the Levy-Ciesielsky construction of W. Accordingly, there are independent 
N(0, redistributed random variables £1, £2, ■ ■ ■ such that W s = Wo + Yli^i ' Jo Hi{u) du, 
s G R, where the sum converges uniformly in s on finite subintervals of R, Q„-a..e. It holds 
that £j = {Hi,dW) L 2 so that we get the Levy-Ciesielsky representation 

W s = W + y2(Hi,dW) L 2- Hi(u)du, seR. 
i=i ^° 

Under the measure (5l m we shall consider 

Ws = W + ( H i,dW) L 2- j Hi(u)du, seR, (2.1) 

and j^W = q^rj^W = J2 ieI{m ^(H h dW,W ) L 2 ■ H t e H. In the proof of Theorem HU 
in Section 3 we will also consider similar projections under the measure . 

The integral J (V,dW) F under the measure Q^ n ' r \ For — rt < u < v < (r — l)t 

and V : 1Z — > F cadlag define 

(V,dHi) F 

u 

:= ^(K ) - + K ) ,A^H) F + ^(K,AiJ,( M )) F + i(K,-,A^(t;)) F , 

i G I(m,r), and similarly the integral / = (V, dHj) f->f- Furthermore, introduce 

f (V,dW) F := J2 (HudW)w f (V,dH t ) F Q^-a.e. (2.2) 

Jw=u iel(m,r) Jw=u 

For i,j G I(m, r), we have 

(H h dH j ) L2 + (H J ,dH i ) L 2 = 0. 

It follows that 

(Hi,dW) L 2-(Hi,dW) L 2 = J2 {H h dW) L 2(H jl dW) L 2.(H h dH j ) L , 

i£l(m,r) i,j&I(rn,r) 

= Qi m ' r) -a.e. (2.3) 

The process X and the map u under the measure Q^ ri,r \ Let 

Ki := / Hi(v) dv , z G J(m,r), 
Aj := ejl(-) , J G {1, . . .,n- d}. 
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Lemma 2.2 (a) LetQ be the number used in the definition of the densitym and 1/q+l/Q < 
1. Let cp G D q i with respect to the measure Q^™'^ and cp n > G C, n' G N ; be a sequence 
with if n / tp in D q \. Choosing a subsequence if necessary Dip is Q^^'-a.e. a finite 

dimensional object for which 

Dip(W) = lim D<p n >(W) 

n'—^oo 

^ d<p n ,(w) m ^ dyjyv) 

i£l(m,r) j=l 

n-d 

i&I(m,r) j=l 

In particular, ip = ip o ii m ^ and Dtp = Dtp o Ti rn ^ Q^^'-a.e. 

(b) Assume condition (4') of Subsection 1.2. We have 

lim X t (7c m W) = X t , teR\{r i {X):i = ±l,±2,...} Q„-a.e. 

m— >-oo 

(c) Let £ = C,(W) be an F -valued random variable with F being a metric space. As- 
sume that W n ^± W relative to the topology of coordinate wise uniform convergence 
on compact subsets of R implies £(W n ) ^± Let ip G Cf,(F) or ip G C(F) and 
sup rm \iP{^ m ,rW))\ eL^,gW). Then 

lim f ^(W))Q^\dW)= [ mW))Q<r\dW). 



Proof. The representation of Dtp in part (a) follows from Definition 11.11 By the Levy- 
Ciesielsky construction of W and the above definition of Dip, ip and Dip are independent of 
{H^ dW) L 2, i G" I(m, r). In other words, cp = ip o ix m ^ T and Dip = Dip o 7t m>r Q^'^-a.e. 

Part (b) is an immediate consequence of (4'), cf. Subsection 1.2. For part (c) it is 
sufficient to recall that Q^'^ = Q u o ir^, relation (12.1 p . the corresponding representation 
of W under the measure = Q v o 7T" 1 , and condition (4'). In fact, it follows now that 



lim / ^{W))Q^ r \dW) = lim J ^{^ m , r W))Q^\dW) 

^{£{w))Q { r\dW). 



□ 



For s G 1Z = \—rt, (r — l)t], we have Du s G H by assumption (1') of Section 1 with 
Du s = ((Du s ) 1 ,(Du s ) 2 ) and (Du s ) 1 G Lf oc (R;F) and (Du s ) 2 G F Q^-a.e. However, 
Q( m ' r )-a.e., (Du s )i is, according to Lemma 12. 2| supported by a subset of 1Z. So we will 
assume Q^-a.e., {Du s ) 1 G L 2 {7l;F) and {Du s ) 2 G F. 

Let Ai^ s {TZ; F) denote the set of all F- valued finite signed measures on {71, B{TZ)). 

Lemma 2.3 Let X = u{W) be a map C(R; F) fi b;loc (R;F). Assume (V) of Section 1 
and let 7 : C(1Z; F) — > Ai^ ,s (JZ; F). Assume furthermore that 
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(i) for every i E I(m,r), (H^dj)zj2 is differentiable in direction of K^, that is 

{H h d^v E L p (tt, Q^ r) ) and exists in L v^ qM) 

where l/p + 1/q — 1 and q is the constant of assumption (V) of Section 1 and 
(ii) for every i' E {1, . . . , n ■ d}, (e^, 0^7(0) )f is differentiable in direction of ey , that is 

{e v , d 7 (0)) F G L P {Q, Q^' r) ) and ^ipMll. exists in L P {Q, Q^) . 

aey 

(Hi) The linear span of {X s : s E 11} is dense in L q {VL, Q^™'^; F). 
Then {{Du s )i, dj) L 2^ F + ((Du s ) 2 , ^7(0)}^;? = for all s E H Q^'^-a.e. implies that 
{Hi, d^) L 2 = {a,,, dj(0)) F = , i E I{m, r) , % E {1, . . . ,n ■ d}. 

Proof. For i E I(m,r), let (3^'°^ denote the logarithmic derivative relative to the mea- 
sure {Hi, (^7)2,2 dQl™ ,r >. Moreover, for i' E {1, . . . , n ■ d}, let ^°' l > denote the logarithmic 
derivative relative to the measure {e^, ^7(0)) p dQy n ' r \ Both logarithmic derivatives exist by 
hypothesis. By Lemma 12.21 (a) we may write 

{((Du^d^^p + {(Du^d^mp^p) dQ^ r) 

i£l(m,r) 

+ I ( Du *> (°> e *')W • {ei<,d 7 (0)) F dQ^ 

i'e{l,-,n-d} 

E J u °- (^(k,o) • dry)* + ■ {e v , d^{0)) F ) dQ^ r) ■ 



i£i (m,r) 
i'e{l,...,n-d} 



By {{Du s )i,d r y)x J 2-+p + {{Du s )2, ^7(0)) f^f = for all s E H Q^ 1 ' r '-&.e. and assumption 
(iii), we have 

E ($(ko) • Pi, dl) L 2 + 0$^, ■ (e,, d 7 (0)> F ) = Q^-a.e. (2.4) 

i€ I(m,r) 
i'e{l,...,n-d} 

In addition, it holds that 

<*7>l^f + (P«.) a , c?7(0)}f->f) , W v ) dQ^ 

I F^F 

+ (! (f Hi{w)dw,u\ • {Hi, dj) L 2 dQ^ 



(m,r) 



i£I (m,r) 

i'S{l,...,n-d} 



+ y ( ei ,,« s ) F ^-(^,d7(o)) F dg( m ^ 
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w v ) 

»£j(m,r) \^ 
i'e{l,...,n-d} 

+ J ({Du s ,{0,e if )) H ^ F ,W v ) F ^ F ■ (e e ,dj{0)) F dQ^ 
+ j ((DW v ,(0,e,)) H ^ F ,u s ) F ^ F ■ (e^d^FdQ^ 

- J ( Us , w v ) f ^f ■ (Pm, 0) ■ { H » d i)* + pfS^) ■ < ei '> ^(o))f) rfQ 



)(m,r) 



j(m,r) 



i'g{l,...,nd} 



i£ J(m,f) 
i'e{l,...,n-d} 



By ((Du s )i, d^) L 2^ F + ((Du s ) 2 ,d7(0)) F _ vF = for all s G K Q^-a.e. and ([23j) we 
conclude now 

/ (( / Hi(w) dw,u s ) '(Hi,dr/)tf 

-j, m .^ J \\Jo I F^F 

+ (e il ,u s ) F _ F (e i/ ,d 1 (0)) F j dQ^ = 0, 
s,v G 72., which by assumption (iii) proves the lemma. □ 

2.2 Two flows associated with X = substitution law, and 

stochastic integral relative to X 

We may write X = X(W) := u(W). Suppose we are given h with h o u : C(R;F) 
B h . loc (R; F) and f(p, W){s) : R x C(R; F) ->■ C(R; F) such that 

r /i o u(W + /(a, W))(0 do- = + f(p, W)) - u{W) 

Jcr=0 

= X(W + f(p,W))-X(W), pGR, (2.5) 

We notice that since X = u(W) is an injection Q — » fi u and W, p G R, is a random flow 
on fl, because of 

X p+a = u{W p+<T )u^ = u(W p o W a )u- 1 

= u{W p )u- 1 ouiW^u- 1 = X a oX p , p,a-GR, 

X p , p G R, is a random flow on Q u . In this situation, there are two random flows in this 
equation, W p := W + f(p, W) and X p = X P (W) := u(W + f(p, W)), p G R. In Section 3 we 
will be interested in specifying the second one to the formal relation X p := X. +p , p G R. In 
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order to prepare this we are going to develop elements of the related stochastic differential 
and integral calculus in this section. 

Assumptions for the remainder of Section 2. In this section we shall assume that 
for Q^-a.e. W E Q = C(R; F) 

f(p,W) = f°(p,W) + f(p,W)(0)-l, peR, 

where f°(p, W) E C a (R; F) with Radon-Nikodym derivative in Lf oc (R; F) and f°(p, W)(0) = 
0. Furthermore, f(p, -)(0) = f(p, W)(0), p E R, is a stochastic process that we abbreviate 
by 

f(p,W)(0)=B p (W). 

In particular, we shall suppose that B = B P {W) as well as B-. = B- P (W) possess Q^'^-a.e. 
a Radon-Nikodym derivative with respect to p E R with cadlag versions B' and B'_. . We 
recall that B' and £?'_. are at the same time Q^'^-a.e. the right derivatives of B and B-. , 
respectively. Thus the mixed derivative 

1 /d~ d + \ 

b '-=2{t p b ' + T p b ')> " eR - 

is well-defined. 

Let 1/p+l/q = 1 and q be given by condition (1') of Section 1. Let " ' " stand further on 
for differentiation with respect to p and assume in this and the next subsection the following 
(12. 6p and (I2.7p . We shall suppose that, under the measure Q^' r \ W p , p E R, is transient 
in the sense that 

W'^W for o± p. (2.6) 

Let " ' " indicate the right continuous version of the Radon-Nikodym derivative of 
/°(p, -)(s) with respect to the Lebesgue measure ds. We also shall assume that (/°(p, ■))' is 
Q£ m ' r )-a.e. weakly mixed differentiate in p E R in the sense that for some f(p, ) E I p , p E R, 
and all test elements k = (g,x) E H with g G C(7£; F), x E F, we have 

^,rf/(p,^)} i2 + (x,/(p,^)(0)) F 

= K£ ^ rf/0(p ' ^ )>l2 + £ ^ rf/0(p ' ^ )>l2 ) + ^ ^ ' peR ' (2,7) 

Hypotheses for Subsection 2.2. Let X = u(W) be a bijection C(R; F) ->■ C(R; F) 
and g given by condition (1') of Section 1. Assume that the operator (D U ,C) := (j* o 
B u ,C(n u )) is closable on L q (tt u , P^; FT). Suppose also (JH]). Let 1/p + 1/g = 1 and 
(W p ) peR e F Pi i(W) which implies 

/(p, wo(s) = /°(p, + p p ■ , s etz, p g r. (2.8) 

We mention that (W) pe iR G (cf. Definition 11.51 (a)) is because of (12.81) stronger 

than (EU) together with f(p, ) E P, p E R. 

Furthermore, we suppose u o W p E K q ^ and u _1 o X p G l5 p G R, where g is given by 
condition (!') of Section 1. 



30 



Relationships among the flows (W p ) p€ u. and (X p ) p€ m. and between u and u" 1 . 
Let us abbreviate Du s = D(u(s)), s 6 K. We observe that the formal relation (12. 5ft gets 
now, because of (W p ) pe n £ J~ Pt i(W) and u o W G K q> x, p G R, (especially Definition 11.61 
(i)), a sense by 

ho( U o W p ) (W) = (d(uo W p ) (W), J _1 /(0, W)\ 



(7=0 



(u o (IT 7 ) = ^- 
da 



I H^F 

u(W p+a )(W) 



da 

— u(W p )(W) , PGR, for Q (m ' r) -a.e. W G ft 
dp 



(7=0 



(2.9) 



and, in particular, 

/iow(W0( 



Du.{W), 3 - l f{Q,W)) 



I H^F 



«.(W C 



(2.10) 



(7=0 



Let VvK M t be the vector of the gradients of the components of X t = u t (W) = u t {W — 
W 1, Wo) relative to the components of W and let V x Q u t l denote the vector of the gradients 
of the components of W t = u^^X) = u^{X — X 1,X ) relative to the components of X , 
t G K. 



Proposition 2.4 Let X = u{W) be a bijection C(R;F) — > C(R;F). Suppose condition 
(V) of Subsection 1.2. Let q be the number given by in this condition (V). Suppose that 
the operator (D U ,C) := (j* o D",C(ft n )) is closable on L q \Vt u , pM ; H) . Assume that the 
following holds. 

(i) {W p ) pe m e P P ,i(W), 1/p+l/q = 1. The flow (W p ) pm satisfies $M). 

(ii) u o W p G K qA and u' 1 o X p G p G E. 

(a) We have (u(W p )) pm = (X p ) peR G P P ,i(X). In addition to / TO) . 

f(p, u-\X))(. ) = (D^uT 1 o X p ){X),r l KX)) H ^ F , peR, 

for pM-a.e. X G Q u . 

(b) We have, Q^-a.e., 

%M]( ■ ) ■ e = (r^At*)!, (D u u~ r ) o U ) M and e = (j^V^n, (D u u~ v ) o u}^ 
and, P^-a.e., 

l[o, s] ( • ) • e = (r'C W 1 )!, o m- 1 )^ and e = (r^u -1 , ° ■ 

fcj Forip G -E^ it /ioWs that 

D.ijj o u = (j-'D.u, (D» o u) H ^ p Q^-a.e. 

Furthermore, (Dip o u, k) H G L 1 ^, Q^ r) ) if k G L p (ft, Qi m ' r) ; #). 
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Proof, (a) By (i), the first part of (ii) (especially Definition 11.61 (i)), and by ( 12.91) we get, 
ptor)- a . e ., 

^X p = ^u(W p ) = (p{uoW p ){W)J- 1 f(W,0)} H F = h(X p ), P eR. 

Now (i) and the first part of (ii) (especially Definition 11.61 (iii)) imply h o u{W p ) G jH 
Q^-a.e. and j~ x h o u{W p ) G IP (SI, Ql m,r) ; /?Gl. 

"in other words, we have h(X") G jH P^-a.e. and G L p (Sl u , Pjf 1 ^; H), 

p G R. Furthermore, we have by hypothesis X p = ^(ly 9 ) G C(R; F), pel. We conclude 
(A p ) peK e -7>,iP0- Now > b y the second part of (ii), P^-a.e., 

f(p,u-\X))(.) =^W p = ^u7 1 (u(W p )) 
dp dp 

= (D^uT'oX^WJ^hiX))^ , peR. 

(b) For the set of all flows W = (W) peK G T p ,i(W), with (i) of Definition O it follows 
that, Q( m ' r )-a.e., 

# cjrVCo,-): We (2.11) 

by just considering the specific flows of type := W + p ■ jk, p G R, where k E H. In 
contrast to the formulation of the proposition, in the following, the "." indicates the variables 
to be jointly integrated over. Also, one should read j^Du. = ((Du.)' , Du ) G H. Keeping 
( 12. lip in mind, the first part of (b) follows from 



H^F 



f(0,W)(s) = ((DX 1 ) ouj- 1 (Du, J" 1 / (0,W)) 
= ((D?uJ 1 )ou,(j- 1 Du.,j- 1 f{0,W)) ) 



H-+F 



For the first equality sign, recall (a) and ( I2.10p . For the second one, we refer to Definition 
11.61 (iii). For the third one use Fubini's theorem together with Definition 11.61 (ii) as well as 
the remarks after Definition 11.61 

Assuming that there was an element k G H, k ^ 0, such that = (k,j~ 1 h(X))H for 
all h(X) = ^X a on a set of positive p( m ' r )-measure where X p = u(W p ), p G R, and 
W G F p ,i{W), from~([23D it would follow that 



o = (k(-),r l (Du.,r l f(o 1 w)) ) 

By Definition 11.61 (ii) and (I2.1ip the linear span of 



H 
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is therefore p( m ' r )-a.e. dense in H. The second part of (b) is now by (a) and (12.101) a 
consequence of 



h(X)(s) = {{D.u s )ou-\r l {D u uT\r l KX)) H ^ 
= {j K {r\D u uT 1 )u{D.u s )o U - 1 ) 

{r l v Xo u-\{Du s )ou- l ) H ^ F ),r l h{x) 



H^F ' 



H-+F 

(c) Let k E H and consider the specific flow W p := W + p ■ jk, p G E. We have, Q^'^-a.e. 

d ± 



(Dip ou,k) H ^. F = — 



ipo U (W p ) 

p=0 



dp 



u(W p ) 
p=° / // — /• 



{D^ou.r^Du.^n- 



>F 



H^F 



Furthermore, if Jfe G Q^; H) then 

||(I>0 ou, k) H \\ Ll{Q ^ru,r )) = ([D u i))ou,j- 1 {Du.,k) H ->F) 



LniU >;;"■■ : :U) \\-> //"►HI/ 



< oo , 

cf. Definition 0](iii). □ 

Stochastic integral relative to W. If u is, just for the next equality, the identity 
and /(0, -){s) G -D P ,i, s E 71, and p is fixed in (W p ) p ^m. G J>,i(W) as a hypothesis of the 
present subsection, then Q^ m,r ^-a.e., 



ig/(m,,r) 
iG/(m,r) 

- (7(0, W0(0), ^$^) - (e, V^ o /(0, ^)(0)) f . (2.12) 

Here V Wo (cj, /(0, W)(0)^ = Vwo ^e^, /(0, ( • , W ))(0)y is a gradient in the sense of 

Definition 11.11 (d) identifying in the argument W = (W — Wol, Wo)- To be precise, repre- 
sentation (I2.12p follows, on the one hand, from (W p ) pe u £ J~p,i{W) which says j _1 /(0, •) G 
L p (ft,Q^;H). On the other hand, (I232jl is a consequence of an adaption of Theorem 
16.71 (b) to the present situation. In particular recalling the meaning of Q relative to m in 
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Subsection 1.2, the stochastic integral ( 12.121) with integrator /(0, ■) is well-defined if p > P 
where 1/P + 1/Q = 1. Furthermore, 

(H u df{^W)) L2 G D p>1 = D pA (Q^ r) ) 

by /(0, • )(s) G -D P ,i, s G 72-, and the particular form of 

Substitution law and logarithmic derivative relative to X. Being now interested 
in (3 h ( X )(X) where h is given by ( I2.10p . the formula 

Ph o u = -5 (rVCO, ■)) Ql m ' r) -a-e. (2.13) 

looks similar to the substitution law as, for example, demonstrated in [18], Theorem 2. Of 
cause, we have to prove it. The proof is of instructive character. It provides some insight 
of how the Wiener space representation of the integral ( 12.131) is embedded in the general 
non-Gaussian stochastic calculus based on elementary integrals of the form —Pj(H it o)(X). In 
fact, the representation of objects related to non-Gaussian stochastic calculus by means of 
Wiener space anslysis terms is one of the major techniques in the paper. 

Let Q be the number appearing in the definition of m in Subsection 1.2 and let q be given 
by condition (1') of Section 1. Recall Definitions 11.81 and 11.11 (b).(f). as well as Proposition 

m 

Suppose that the operator (D U ,C) := (j* oD",C(n u )) is closable on L q (Q u , P^ ; H) . 
Assume 1/p + 1/q = 1 and let p' > q as well as 1/p' + 1/q' = 1 and note that this implies 
Q > p > q' . The following observation is important. If, for / G H, there exists Cf > such 
that for all ip G D™, 1 we have 

J (D^,f) H dP^) < c f \m Lp/(nu ^, r)) (2.14) 

then there is a real element /3jf G L q '({l u , p( m ' r )) 5 such that 

- J WitdP^ = I f) H dPjr' r) ■ (2.15) 



Proposition 2.5 Let X = u(W) be a bijection C(R; F) — > C(R; F). Assume that the con- 
ditions of Proposition \2Jj\ are satisfied. Suppose that the operator (D U ,C) := (j* oB", C(Q U )) 
is closable on L q (Q u , p( m ' r ); H). Here q is given by condition (1') of Section 1. 

Letm' ee m'(X —X 1, ■ ) denote the conditional density ofX with respect to Xp. Assume 
that for given X — XqI, the density m! satisfies the conditions on m in Subsection 1.2. 

Let Q be the number appearing in the definition ofm in Subsection 1.2 and let 1/p+l/q = 
1. Suppose l/p+ l/Q < 1. Let moreover p' G (l,oo) and 1/p' + 1/q' = 1 such that p' < p 
and q' < Q. 

Assume the following holds. 

(i) We have (2J^ for f = (H h 0), i G J(r). 

(ii) /(0, -){s) G D Ptl , h(-)(s) G E; tl , s G 11. 
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(™) E ie /(r) (11^(^,0)11^(^^,0) V 1J ■ |K-Hi,d/l)La|| £l , (nU) p(m,r) ) < 00. 

In order to apply Lemma W^ we also shall suppose that 
(iv) the linear span of {X s : s G 1Z} is dense in L g (n, Q^ n ' r '; F). 
Then we have $2.13\) . 

h o u = -5(rV(0, •)) Qi m ' r) -a-e., 

and 

teW = E {(H u dh(X)) L , ■ jiHifi) (X) + ((H u 0),D u (H u dh(X)) L2 ) H ) 

iel(r) 

p(jn,r) _ a e ujfiere, with 1/v = 1/p+l/q' , the infinite sum Yliei( r ) converges in L V (Q U , P^ m ' r )). 
TTie term m £/ie second line belongs to L W (Q U , P( m ' r ') where 1/w = l/p + 1/Q- 

Remark. (1) Summarizing all conditions on the exponents, we get first Q > 2 from 
1/p + 1/q = 1, 1/p + 1/Q < 1, and (1'). With p' > q and Q > p > q' which has been noted 
for the definition in (I2.14p . ( I2.15P and p' < p from the formulation of Proposition 12 . 51 we get 
also p > q' > q, p > p' > q and therefore Q>p>2>q>l/(1 — 1/Q)- 

Proof. Step 1 First, we shall confirm well-definiteness of (12.161) . Indeed by (i) and (12. 15ft . 
Pj(Hifl) 6 L q (f2 u , p( m ' r )) is well-defined. Furthermore, by (ii) and the definition of Hi,i G 
I(r), we have (Hi,dh) L 2 G E£ x C D^ x . Now, the convergence of the infinite sum 

J2(Hi,dh(X)) L i-P j(Hii0) (X) 

i£l{r) 

in (12.161) in the norm of L v (tt u ,p( m ^) is a consequence of (iii). Furthermore, we mention 
that according to (ii) of the present proposition and Definition |1.10[ (ii), 

D u (H l ,dh{X)) L 2-{H u 0) 

iel(r) 

is the coordinate representation of the projection of D u j~~ 1 h(X) G L P (Q U , p( m > r ); H <S) H) 
to the linear span of {(Hi,0) : i G I(r)} and therefore an element of L p (fl u , p( m > r ); H) C 
L v (n u ,P^;H). 

Next, we shall verify that the right-hand side of fl 2 . 1 6 [) is indeed flh, the logarithmic 
derivative of p( m > r ) in direction of h. Let ip be a cylindrical function on Cl u of the form 
^(X) = g (X ) ■ 9l (X tl -X ,...,X tk - X ) where g e C£(F), ffl G ^(F fc ), and *, G 
ft H • t/2 m : z G Z}, £ G {1, . . . , Jfe}. Similar to (ESJ) and (l63|) . 

k 

((D u i;)(X.),r 1 p) H = g (X ) ■ ^(V^(X tl - X , . . . - X ),p tl - Po )f 

i=i 

+ (V(7o(X ),Po)f • <7i(* tl - X , . . .,X tk - X ) (2.17) 
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with p = (p — p ■ I, po) G {j{f,x) : (/, a?) G H} and V» denoting the gradient with 
respect to the i-th entry. By Proposition 12.41 (a), h is Py^^-a.e. absolutely continuous and 
j- l heLP(n u , P( m > r ) ; if) . We have 

(D u i;,r l h) H = (D u ^,(H l ,0)) H (H i ,dh) L2 + (V Xo i;,h(0)) F 

ieJ(r) 

where the convergence of the right-hand side in L P (VL U , p( m > r )) can be deduced from (iii) and 
fl2TTD . Therefore, 

J (D^,j- 1 h) H dPjT' r) 

= J2 I (D u 4j,(H l ,0)) H (H l ,dh) L2 dP^+ f (V Xo ^,h(0)) F dPlr> r) 

i£/(r) J J 

= ~ E J^-m,0),D- (H u dh) L2 ) H dP^ r) - J V • (e, V,,x MO)) F 

i€l(r) 

- E / Mm*) ■ <^> dh )v dP!T' r) - /V (h{0), ^jf-) dP^ r) 

iel(r) J J \ IF 

which first yields the existence of the logarithmic derivative of p( m ' r ) in direction of h, 
P h G L V (Q U , P( m > r) ) (since v<w), and then fl2TT6l) . In addition, we have flgHD for / = (0, a), 
i£ {1, . . . , n ■ d} with 

(V Xo m'MX-X l,X ) ( , 
m'(X-X l,X ) ^ ^ 

It is the objective of the remaining proof to point out that relation (12.131) is a consequence 
of (I2.12j) and (12. 16ft . Strictly speaking, we have to demonstrate that, Q^'^-a.e., 



- J2 dh ° u )l 2 ■ fc>o) ° u + ((Hi, 0), (D U (H, dh) L 2) o U ) H 

iel(r) 

- ^(h o u(0))i ■ Pjfoet) ° u - (e, V rfi x ^ ° «(0)) H 

i 

= Yl (H^dmVviH^dW)*- Yl ((%0),D(%d/(0,.)>^ 

j€l(m,r) jel(m,r) 

-(/(0,-)(0),^^\ -(e,V W) /(0,-)(0)) . (2.18) 

We also recall ( 12. 9 p which leads to 

'DuoJ^fiO,-)) =ho U (0). (2.19) 



H-*F 



Step 2 In this step, we are going to analyze the terms (Hi, dh o u) L 2 and (D u (Hi, dh)i?) ° u 
from the left-hand side of (I2.18p . We stress that everything further in this step will hold 
almost everywhere under the measure Q^J 71 ''^ . 
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Recalling, u 1 G TQ^, (cf. (ii) of Proposition 12.4ft we may define 
H, := q^rj-^D^ur 1 o u, (H h 0)) H ^ F , i G 7(r), 

(2.20) 

e, := q m ,r3~ 1 {D w uT 1 ou, (0,ej)) H ->F, j G {1, . . . , n • d}. 
In fact, we have 

a; G /7 (m ' r) gl m ' r) a.e. 

and with Definition 11.101 (iii) 

H l5 e 3 G LP (ft", P| m ^; 77^)) , i G 7(r) , j G {1, . . . , n ■ d}. 

Moreover, Lemma 12.21 implies 

(D.u, q m ^- l {D u uT l o u, (77,, 0))^f)^ f = (D.uJ-^D^uT 1 o u, (77, 0)) H _> F ) H ^ F 

where, as in the proof of Proposition 12.41 the dots indicate the variable to be jointly inte- 
grated over. Thus, Proposition 12.41 (b) as well as the arguments of its proof together with 
(E2QD yield 

= ( ((r^L^r 1 )! ° u, D u s) H ^ F , (r^XoU- 1 o u, Du s ) H ^ p ) , (77,, 0))^ 
= (D.u s , (r'D-uV 1 o it, (H h 0)) H _ F ) H _ F 
= (D.UsJ- 1 (D-U7 1 o u, (77*, 0)) H ^ F ) H ^ F 

= (Du s , IU)h^f , sell, i E 7(r). (2.21) 
Similarly, 

{0,e j ) = (Du a ,e j ) H ^ F , s G K , j G {1, . . . , n ■ d}. (2.22) 

As a consequence of Proposition El (a), (X^) pGK G 7>,i(X), we have houejH Q^- 
a.e. Also, we have Q^ m ' r - ) -a.e. for all s G 7£ 

(j-^o^f^oii)^ = ]T <j- 1 J DX" 1 °^(^,0)> H -<(i7,,0),j- 1 /io M ) H 

+ ((D u u; 1 ou) 2 ,ho U (0)) F . 



Thus, the sum 



H * ■ ((^i. °), r X h o u) H converges Qi m ' r) -a.e. in H. 

iel(r) 
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By (EUSD - flZSP we get therefore 

Dm, H i( " ) • ° M )^ 2 + E e ^) , fe' /l0 U (°)> F ) 

\ i£/(r) j / 

= £ Hi(.)> 



Y j(H h 0)((H t , 0),j~ 1 h ou) H + ho u(0) ■ 1 

iel(r) 

ho U =(Du,r 1 f(0, 



for the second last equality sign we consider the integral induced by the embedding j the 
inner product in H with 1 £ if. Using Lemma [2.31 it follows that 

J2 {(Hj, 0), Hj}# • (H h dh o U ) L 2 + Y^dHj, 0), e^n ■ (h o u(0)) r = (H j} df(0, ■ )) L 2 , 

(2.23) 

((0, ei),Hj) H ■ (Hj, dh o u) L 2 + ^((0, e,), e s ) H ■ (h o u(0)), = (e h f(0, • )(0)) F , 
je/(r) j 

j G I(m,r), i G {1, ...,n ■ d}. Furthermore, we mention that (Hi,dh)i,2 e by (ii) and 
the special shape of Hi, i e Now, by Proposition 12.41 (c), the arguments of the proof 

of 12.41 (b), and (I2.2ip for the last equality sign give 

(Hi, (#;, 0))h ((Hj, 0), D(# f , d/i o U ) L2 ) H 

j(zl(m,r) 

+ ^<H<, (0, e,-)}^ (0, ej),D(Hi, dh o n) L2 ) H 
i 

= (H i ,D(H i ,dhou) L 2) H 



= ((r 1 ^-, h,)^f, (^(fli, d/i)^) o W > H 

= {r\Du., Hi) H ^ F , (D U (H, dh) L 2) o U ) H 

= ((H, 0), (D u (Hi, dh) L 2) ou) H , ie I(r). (2.24) 

Similarly, with (12. 22ft for the last equality sign we obtain 

J2 E (^(H J ,0)) H ((H J ,0),D(e l ,ho U (0)) F ) H 

i j£l(m,r) 



E<ei,I>(ei,/io«(0)) F ) 



H 
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H 



(j' l Du., D u (e h h o u(0)) F ) H ^ F ) 

i 

J2 (ir l Du., e t ) H ^ F , D u (e„ h o u(0)) F ) H 

i 

J2 (r 1 (Du., ei) H ^ F , D u (e h h o u(0)) F ) 

i 

(e,V d>Xo hou(0)) H . 



H 



(2.25) 



Step 3 We are interested in the logarithmic derivatives Pj(Hi,o) an d A/(o,ey)- We recall that 
by flgZD} and u~ l G we have H; G Lp(Q,Q^;H), i G J(r), cf. Definition HUH (in). 
Let ^ G C(Q U ) be a cylindric cylindrical function in the sense of Definitions 11.11 (a) and 11.81 
By Remark (9) of Section 1 it holds that ip G 

According to assumption (i) of this proposition, f)2.2ip . f 1 2 . 2 2 [) . u G and Proposition 
12.41 (c) we have 



(m,r) 
j 

(m,r) 



{D«i/>,(Hi,0)) H dP<r> r ) 
I ((D^ouJ- 1 {Du.,U l ) H ^ F ) H dQ^ 
j ((D u i;)ou,(r 1 Du.,U l ) H _ ¥F ) H dQ^ 
J {{{D^)ou,r 1 Du) H ^ F ,n i ) H dQ^ 
(Dip o u, Hi) H dQ^ 1 '^ 
iPou-SiU^dQ^ 



and similarly 



This shows 



and 



- J ^-P mejl) dP^ = j Tpou-5(e f )dQ 



(3 m ,o)OU = -5(H l ) -a.e. , % G I(i 



(m,r) 



Pj(Q,e Jt ) °u = S(e f ) Qr' r >-a.e. , f G {1, . . . , n ■ d}. 

Taking into consideration Hj G H^ m ' r \ i G I{r), as well as ej G H^ r \ j G {1, . . . , n • d} 
Q(^)-a.e., we get H 4 = EjeiM^ 0))h • (H j: 0) + E/( H i> (°> e i'))tf " (0, e r ) and 
thus from Theorem 16.71 (b) the representation 



0m,o)ou = -6(Hi) 
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- (Hi,{Hj,0))H-(Hj,dW)v> 

j£l(m,r) 

+ J2 ((H J ,0),D(U l ,(H J ,0)) H ) H 

jEl(m,r) 



+ ((H i ) 2 ,^^)^ + (e, V^ (H,) 2 ) F , iel(r). (2.26) 



i(W ) I 
Similarly, 

= - X (ei,(H 3 ,0)) H -(H 3 ,dW) L 2 

j£l(m,r) 

+ X ((H j ,0),D{e i ,(H j ,0)) H ) H 

j£l(m,r) 



+ ( (e,) a , ) +(e, V d , Wo (e l ) 2 ) F , i G {1, . . . ,n • d}. (2.27) 

m(Wo) I F 



Step 4 We will finally show that (12. 13[) is a consequence of f)2.16p . For this we verify (1 2 . 1 8 [) by 
using the results of the Steps 2 and 3. Especially fl2.24l) - fl2.27l) imply that we have Q( m,r )-a.e. 



X ((Hi, dh o U ) L 2 ■ p m>0) o u + ((H u 0), (D u (H h dh) L 2) o U ) H 



i£l(r) 



y ](h o u(0))i ■ j9j( ,ei) ° u - (e, V d ,x /i ° «(0)) 



Y^(Hi,dhou) L *- X (H i ,( J H J -,0))H-< J H J -,dW0 i a 

i&I{r) jEl(m,r) 

-Y,(H h dhou) L .- ((H 3 ,0),D(U t ,(H J ,0)) H ) H 
-X) X (^(H 3 ,0)) H ((H J ,0),D(H,dhou) L2 ) H 

i(zl(r) j£l(m,r) 

~X X (H^O^OMO^O,^,^ 

° u )l 2 ) h 

iel(r) j' 

+ J2(ho U (0)) i . X (ei,{H 3 ,U)) H -(H 3 ,dW) L 2 

i j£l(m,r) 

-J>ou(0)),. X ((H 3 ,0),D(e l ,(H J ,0)) H ) H 

i jEl(m,r) 

- J> o „(0)), ■ ^(e,) a , + (e , V^ (e,) 2 )^ 

"XX (e i ,(H j ,0)) H ((H j ,0),D(hou(0)) i ) H 

i j£l(m,r) 



40 



"EE (e i ,(0,e i O>^<(0,e i /) J D(/ l o W (0)) i ) H 

i j' 

Applying the usual product rule, this is equal to 

Y.^dhou)^- J2 (Hj, (Hj, 0)} H ■ (Hj, dW) L 2 

+ ^o«(0)) r ( e *> (Hj, ®))h • (Hj, dW)i^ 



H 



"EE ((H 3 ,0),D((H t ,(H j ,0)) H -(H l ,dhou) L 2 

i£l(r) j£l(m,r) 

"E E ((H j ,0),D((e i ,(H j ,0)) H -(hou(0)) l )) H 

i j£l(m,r) 

"EE (H i ,(0,e i O>H<(0,e i O J D( J H i ,d/ l o«) ia ) fl 

iel(r) j' 

-EE (e l ,(0,e r )) H ((0,e j/ ),D(ho U (0)) l ) H 
i j' 

"EE (H^dhou)^ (/(H il (O iei 0>H-ei', 

+ ( J D(H l , (0,e,0)H, (0, ej -/)) H 
-£ ^o H (0)) ! .(((eaO J e^.e /) ^ 

+ <£>(e i ,(0,e i /)) ir , (0, ei O) H 

Now (T2723|) yields 

- ^ dh o u) L2 ■ /3 i(H . j0) o u + 0), (D u (H h dh) L 2) o U ) H 

ie/(r) 

- ^(h o u(0))i ■ /%(o, ei ) o k - (e, V d)Xo ^ m(0)) h 

i 

= (Hj,df(0,-)) L2 -(Hj,dW) L2 - {(Hj,U),D(Hj,df(U,-)) L * /H 

j&I(m,r) j£l(m,r) 

-(>«>• 0(0), ^) f -('.v w ./(o,-)(o)) f 

which is (EH]). □ 

2.3 A chain rule for absolutely continuous f(p, W)(-) but jumps in 
f(P,W)(-) 

We proceed with a definition whose appropriateness will become obvious by the subsequent 
Lemma 13.11 For m G Z + and r G N introduce the following. 
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Definition 2.6 Let 1 < p < oo and let Y G P such that Y s is constant outside of s G 72-. 
Let f = f c + fj where / c G L 9 (f2, Q^ 71 '^; L 2 ) is a Q^'^-a.e. continuous process and fj 
is a cadlag pure jump process of finite jump variation on 71, (/) G L q (VL, Q^ 1 '^), 

l/p+l/q = l. Let x E L q (n,Q^;F). 

(a) Let <y? = (/, x) and define 

f (/ ) dy) F + ( a; ,i(y _ + y )> ir ; = ((/l^^j.i^y^ 

./ u 

+ £ i(^_ + / 1i) ,Ar,H) F + i(/ u ,Ar,H) F + i(/^,Ar,(t;)) F Q^-a.e. 

noting that ((/ I [ttjV ], x), j~ l Y a ) R = £(f, dY a ) F +(x, \ (Y - + F )) F in the sense of Riemann- 
Stieltjes integration. 

(b) Let ip = (f,x) and define j _1 F applied to the test element tp by 

j- l Y{v) ■= I (/, dY) F + | (F - + Y )) p Q^-a.e. (2.28) 

./ft 

(c) For ip and F as above, we introduce the inner product ( ■ , ■ ))# by 
Replacing in f!2.28|) ( ■ , with ( ■ , ■ )f^f, we define (<p, j~ x Y) h->f- 



Relations (12. 9p and ( 12 . 1 0[) in a distributional sense. Suppose we are given W p := 
W + f(p, W). Furthermore, allow 

/(0, •) G P (2.29) 

where l/p + 1/q = 1 and q is fixed by assumption (1') of Section 1 and let (12. 6p and (12. 7p 
be in force. In particular, we recall that the symbol f(p, W) is used in the strict sense of a 
weak mixed derivative which is Q^'^-a.e. given for all test elements k = (g,x) G H with 
cadlag g : 71 — > F of finite jump variation, x G F, by (12. 7p . 

f(p, W) (A;) = ^ <<?, d/°(p, 1F)) L2 + (x, B P ) p 

= \ (9, df( P , W)) L2 + d - (g, df(p, W)) L ^ + (x, B p ) p . 

One major difference to the analysis in Subsection 2.2 is that we assume there (W p ) p <z^ G 
T p% \ which is replaced here by f !2.29|) and (12. 7p for p = 0. Even more restrictive in Subsection 
2.2 is the hypothesis u s G E q ^, s G 7Z, as part of u G K q l in order to establish the generator 
of the flow (X p ) pg R namely relation (I2.10p . Note also that for the following proposition we 
do not require that W p — W + f(p, W), p G R, is a flow. 

As a preparation of the analysis in Section 3, we are interested in a counterpart of (I2.10p 
at p = under the conditions of the present subsection. 
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For this fix r G Z + and define for all W G jH the terms ^ := ((Hi, 0),j 1 W) H , i G I(r), 
Xj ■= (W )j, j G {1, . . . , n ■ d}, and 

Z S (X;W) = Z S (X; ; Xj ,...):= X s I ^ & • j^, 0) + xl 

\ie/(r) 



Proposition 2.7 Assume (I 7 ) of Section 1. Let 1 < q < oo be the number defined in (I 7 ) 
and let 1/p + 1/q — 1. Assume the following. 

(i) We have [KM) . f(0, •) G P. 



For = W + f(p, W), peR, we have pT7P atp = 0, that is Q^-a.e. there exists 
the weak mixed derivative 

(g,df(p,W)) L2 + (x,B ) 



f(0,W)(k) 



dp 



Furthermore, for all test elements k = (g,x) G H with g = g c + gj where g c G C(1Z; F) 
and gj : 7Z — > F being a cadlag pure jump function of finite jump variation and x G F 
we have the representation 

f(Q,-)(k) = (k, ] - l f(Q,-)) H , 
the right-hand side in the sense of Definition \2.b\ (c). 

(Hi) Q^'^-a.e., Z s (X; . . . , £j , . . . ; . . . , Xj , . . .) : I 2 — > F is two times Frechet differen- 
tiable for all s G 1Z. This implies for Q^'^-a.e. W G the existence of the Frechet 
derivative D F X S (W) in the sense of Subsection 1.2 (after condition (5)) for which we 
assume that 

D F>1 X S (W) = (D FA X S (W)) C + (D FA X s (W)) j (2.30) 

where (D Fjl X s (W)) c G C(7Z;F) and (D F iX s (W)) . : 1Z — >• F is a cadlag pure jump 
function of finite jump variation. 

(iv) For Q^'^-a.e. W G Vt there is some < c = c(W) < oo such that 

(h , r\w - w)) H = (h , r i f( P , w)) H < c \\h\\ H -\ P \, h e h, 

as well as 

\\j~\W» - W)f H = \\j~ l f(p, W)\\ 2 H <c\p\, \p\ < 1. 



Then ^— 
dp 



X S (W P ) exists for Q^^'-a.e. W G and all s G TZ and we have 



p=0 



hou(W)(s) = 4- 
dp 



X s (W f 



p=0 



dp 



p=0 



D F X s (W),r 1 f(p,W)) H = (DpX^Wlj-'mW)) 



Furthermore, this point wise calculated expression belongs to L 1 (fi, Qz n ' r '; F) whenever V hX s G 

//'(o.g;;" ' ://). 
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Remark. (2) The existence of the second order partial directional derivatives of X s with 
respect to i G /(r), and all Xj such that 



E 

i,i'£l(r) 



dKjdKji 



+ E 

iel(r),j' 



d 2 X. q " 2 



dhiidXj' 



< oo 



together with the continuity of 



E °) x °) + E *r*fr (°' e ?) >< (o. e ;0 

i,i'eJ(r) 

« E 



dXjdXj/ 



i€l(r),f 



d 2 X s 
dnidXji 



(H u 0) x (0,ejv) e H®H 



in a neighborhood of W, and this for (5£, m a.e. W EVL and all s G 1Z, implies the first part 
of(iii). 

Proof. By condition (iii) of this proposition it follows now that for every e > there is 
p = po(W, e) such that 



X S {WP)-X S {W) 



D F X S (W) , 



j-\W p -W)\ 



P 



I H 



< e 



\\j-\W-W)\\ 



H 



\P\ < Po 



(2-31) 



For the notation, cf. also Subsection 1.1, in particular the comment following condition (5). 
Using condition (iv) of this proposition it follows from ( I2.3ip that 



dp 



P =o d P 



p=0 



[D F X s (W),r 1 W p ) H . 



Taking into consideration conditions (i) and (ii) of the present proposition we get for Q^'^- 
a.e. W G Q 



dp 



P =o d P 



D F X s (W), 3 - l f(p,W 



p=0 



H 



D F X a (W),j- x f$,wj) 



(2.32) 



In addition, we note that D F X S = VhX s by (iii) of the present proposition. Accordingly, the 
right-hand side of f !2.32j) is by (i) of the present proposition an element of L 1 (f2, Q^'^; F) 
whenever V H X S G L q {Vt, Q^ r) ] H). □ 

Stochastic integral in a distributional sense. Let us assume /(0, -)(s) G D Pi i, 
s G 1Z. We have 



Hi,df(0,-)) G D pA , i G I(m,r) 

L 2 
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by the special shape of the Hi. Consequently 



D(H h df{U,W)) L2 eH, iel(m,r), 



for Q^-a.e. Wen. With this we may redefine (I2TT2]) Q^-a.e. by 



idl(m,r) 



((Hi^D^dmw))^) 



iE.I(m,r) 




e,V d , w J(0,W)(0)) (2.33) 

/ F 



where we note that we just have shown the well-definiteness of the right-hand side. 

The left-hand side of f!2.33j) is only a symbol reminding of the identity ( 12 . 1 2 j) demon- 
strated under the more restrictive setting of Subsection 2.2. But this will change under the 
specification of Section 3. In fact, having proved the subsequent Lemmas 13.21 and I3.3[ the 
right-hand side of (I2.33P will become the object that plays the role of a stochastic integral. 

3 The Density Formula 

Besides the proof of Theorem 11.114 this section contains a number of technical preparations. 
There are two major technical ideas in order to prove Theorem 11.111 The first one is to 
re-map X to W, to carry out the analysis on Wiener process related objects and then 
to map the result obtained there back to a result in terms of X. The second idea is to 
work on orthogonal projections of paths of W rather than on the trajectories of W itself. In 
Subsection 3.1 we will specify the flow W := W. +p + (A p — Y p )l, p e M, and provide technical 
calculations relative to the finite dimensional projections of this flow. In Subsection 3.2 we 
will be interested in the stochastic integral relative to (I2.33p . Then, in Subsection 3.3, we will 
collect a number of technical details of the approximation of the flow W p = W. +p +(A p —Y p )l, 
p G K. The actual proof of Theorem 11.111 will be presented in Subsection 3.4. 

Subsections 3.1 and 3.4 are entirely preparatory for the proof of Theorem 11.111 whereas 
Subsections 3.2 and 3.3 provide some more insight on the related stochastic calculus. 

3.1 Specification of / 

One goal of this subsection is to specify / in (12. 5p . and with this also h, to those functionals 
we are going to use in the proof of Theorem 11.111 In particular, we will consider the flow 



X(W) = u{W) = u(W. +p + (A p - Y p )t) = X(W. +p + (A p - Y p )l) , peR. (3.1) 



which includes that W = W + f(p, W) = W. +P + (A P -Y P )1, p e R, is a flow, cf. Remark (3) 
of Section 1. In the Lemmas 13 . 1 1 and 13 . 2 1 we will assume (13 .ip and (13. 2p . Let us show that / 
is compatible with the analysis of Subsection 2.3 and, in particular, satisfies the conditions 
(i) and (ii) of Proposition 12.71 Let us also recall that the space D p i i = Dpi \(^Q^ n,r ^j is 
meaningfully defined for p' > Q/(Q — 1), cf. Definition 11.11 and Proposition 16.31 



Correspondingly, we also will suppose 



f(p,W):=W. +p + (A p -Y p )l-W 



(3.2) 
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Lemma 3.1 Assume conditions (I'), (2), and (3) of Section 1 which include in particular 
( fff.ij) as well as /\3.2\) . Furthermore, assume A = A 1 and Y = Y 1 . Let q be the number 
introduced in condition (V) of Section 1 and suppose Y p E -D 9 ,i = D q! i(Q^J n ' r ^) , p E R. 

(a) For s E TZ, i E I(m, r), and p el, we have W s , (H^dW)^ £ f\/e[Q/(Q-i),oo) A>'>i and 
W s+p + Ap — Yp E D q i where q is given by condition (I 7 ) of Section 1. Furthermore, it holds 
that 

DW S = [ dv ' ( Hi > °) + (°> e ) f° r <5i m,r) -«- e - W Ett and that 

i£l(m,r) ^° 

dW) L 2 = E 1 ei(m,r)( H ^ dH ^L' 2 ■ (Hj,Q) forQM-a.e. WeQ. 

(b) {W p ) pm satisfies $2Jfy and (27fy . 

(c) Letl/p+l/q = 1. If (A p — Y p ) E L p (Vt, Q^ m ' r) ; F) then we have (i) and (ii) of Proposition 
\2. 1\ the latter demonstrating the compatibility of the weak mixed derivative in \2. 7| ] with the 
integral of Definition \2.6\ 

(d) We have (iv) of Proposition 2. 7 . 

Proof, (a) This is straight forward by the following. By Lemma 12.21 (a) we have 
DW S = V —JL.(Hi,0) + (0,VwoW.)= V / H i (v)dv(H i ,0) + (0,e). 

Recalling (12. 2p we get under the measure Q^ 1 ^ 

D(Hi,dW)v= d{Hi, d d ^ )L2 •(g J -,0)= (HudH^-iH^O). 

j£l(m,r) j£l(m,r) 

Thus W s , (Hi, dW)i 2 E Op>£[Q/(Q-i) oo) Dpi,i is now clear, in particular by the bounded sup- 
port of m, cf. Subsection 1.2. 

W s+P + A p — Yp E D q> i is a consequence of A p = X p — W p as well as X p E D q ^i by 
condition (1') of Section 1 and Y p E by hypothesis. 

(b) Let us verify (12. 6 p . By definition, W a = W p for some a ^ p would imply W. +a — W. +p = 
(A P (W) - Y P (W) - A a (W) + Y a (W)) 1 Assuming this, the right-hand side was Q^-a.e. 
constant in time but the left-hand side was not. 

Let us focus on ( 12.70 . We have f(p, W)(s) = W s+P + (A p - Y p )l(s) - W s which means in 
the setting of (1277]) 

f°(p,W)(s) =W S+P -W S - Wp + W , 
Bp =Wp-Wo + Ap-Y p . 

Keeping ( 12.80 in mind we shall verify (12. 7p with 

f(p,W)(s) := (H t ,dW) L 2.H l (s + p) + Ap-Y p 

i£l(m,r) 



(H l) dW) L 2.(H l (s + p)-]-(H t (p-) + H l ( P ))\+Wp + Ap-Yp, 

re™ „-i V / 

(3.3) 



i£l(m,r) 
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s eTZ, peR. We have 

±((g,df°(p + \,W))„ w _ IILZ) , A 

]T (Hi, dW) L 2 Hi(- + p + A) - i (Hi(X + p-) + H(\ + p)) ■ 1 



1 ((g, df°(p + A, W)) L2 - (g, df°(p, W)) L2 ) + \{(x, B p+X ) F - (x, B P ) F ) 



- (g, Hi(- + P)~\ (Hi(p-) + Hi{p)) ■ 1^ ) 
+^ ( (x, (W p+X + A p+X - Y p+X ) - (W p + A P - Y p )) 1 



and therefore 



^ p (9,dn P ,W)) L2 + ^(x,B p ) F 

= (H i ,dW) L 2-{g,dH i {- + p)) L2 + (x,W p + A p -Y p 

i£l(m,r) 



g ,df(p,W)) L2 + (x,W p + A p -Y p ) F , (3.4) 

k = (g, x) E H, g : 1Z — > F cadlag of finite jump variation, x E F, p E M. Q^'^-a.e., as a 
direct consequence of (13. 3p . In other words, we have (12. 7p . 

(c) For condition (i) of Proposition 12??] f(p, •) E I p , we take into consideration (I3.3p . In par- 
ticular, (f(p, •))„ = (W p + A P - Y p )l. Recall also (A p - Y p ) E IJ>(tt, Q^ r) ;F) by hypothesis. 
We get 

r 1 (/(p, -)) a = (0, W p + A p - Y p ) E L P (Q, Q^ r) ; H) . 

Furthermore, ^i & i( m ,r)( H ^ dW) L 2 ■ (Hi(- + p) - \ (Hi(p-) + Hi(p))) is a cadlag pure jump 
process with Q(, m ' r )-a.e. finitely many jumps whose jump times are non-random and whose 
magnitudes in the sense of Definition II .41 (iii) belong to L P {VL, Q^ n,r - ) ). Thus we have verified 

that/( P ,-)e/ p . 

For condition (ii) of Proposition 12. 7\ we recall now (13. 4 p and the calculation before (13 .4p 
which now say 

k, rVo, w )) H =j- p & rf/0(p ' + ( X; B P ) F > 

the left-hand side in the sense of Definition 12.61 For compatibility with this definition, we 
restrict ourselves here to all test elements k = (g,x) E H with g = g c +gj where g c E C(TZ; F) 
and gj : 1Z — > F being a cadlag pure jump function of finite jump variation and x E F. 

(d) This follows directly from 



( J2 (Hi,dW) L 2-(^H i (s + p)-H i (s J ) ,W P + A P -Y P -W \ 

\i£l(m,r) I 



hypotheses A = A 1 and Y = Y 1 together with conditions (2) (i) and (3) (iii) of Section 1, 
and A = Y . □ 
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In order to prepare the crucial equalities in the proof of Theorem 11.111 namely ( 13.1 101) 
and (13.1111) below, let us prove the subsequent lemma. 

For this, let ip be a cylindrical function on C(R; F) of the form <p(W) = /o(Wo) • fi(W tl — 
W ,..., W tk -W ),W Ett, where f E CftF), fi E Cl{F k ), and k E N such that t, G 
^n{z-t/2 m : z E Z\{0}}, Z 6 {l,...,k}. We will also use the abbreviation (X> F - J D)(IK + 
A a - Y a ) := D F (W a + A a - Y a ) - D(W a + A a - Y a ) and the following integrals. Let v E [0, t] . 

L x := J £ (Dip o (W. +(T + (A a - Y a )f) , r 1 (W + (io - Yo) l)) H daQ^ r \dW) 

L2 = I L { fi ^ wti+a ~ Wai ■ ■ ■ ' ~ Wa) ( < v/ °^ + a ° - Ya) - 

(L> F - D)(W a + A a - Y a )) F ^ p , J" 1 (W + (i - Y ) l)) ) daQ^ r \dW) 



Rx := V / / ^ + - o 7r m , r ) • (if,, d ([W] o 7r m , r )-) 



L 2 X 



ie/(r) 

x (F^ dW) L *Q v (dW)da 



i6/(r) "' CT=0 ^ 



X 



x {(Hi, 0) , D F (Hi, d([W]o 7r m , r )-) i2 ^ Q„(dW0 do- 

J := ^ y (ity o (W. +a + (A„ - Y a )l) , (0, Wq + A - Yo) ) R Q { ^ r \dW) da . 

Well-defmiteness of these integrals will be demonstrated in parts (d)-(f) of the following 
lemma. 

Lemma 3.2 Assume conditions (V), (2), and (3) of Section 1 which in particular imply 
A3. Jj) as well as 113.2]) . Let q be the number introduced in condition (l 7 ) of Section 1. Fur- 
thermore, suppose Y p E -Dg,i(Qi" 1 ' r ' ) ), p E R. Also assume (Hi) of Proposition \2~7\ for X as 
well as for X replaced with Y . 

(a) We have 

V? o + (A a - Y a )l) E D q> i , a E [0, t], 

with respect to the measure Q^ n ' r ) . 

(b) Assume A = A 1 andY = Y 1 Q^-a.e. For v E [0,t] we have QM -a.e. 
<p(W. +v + (A v -Y v )l)-^(W) 

= / ((Dip) (7r m>r (W. +a + (A a - Y a )l)) , J" 1 {ir m>r (W. +a + (A a - Y a )l)) ■) da. 
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H 



(c) Assume A = A 1 andY = Y 1 Q^-a.e. and let a E [0,t\. We have Q^-a.e. 

'(Dip) (ir m>r (W. +a + (A a - Y a )l)) , r 1 (7r m , r (W. +a + (A a - Y )l)) \ 
= (Dtp o (W. +a + (A a - Y a )l) , r 1 (w + (i - F ) l) ) h 
+fi(W tl+(7 — W a , . . . , W tk+a - W a ) ( (Vf (W a + A a - Y a ) , 
(D F - D)(W a + A a - Y a )) F ^ F , J" 1 (W + (i - *o) l) 
For t/ie well-definiteness of these integral terms recall Definition \2.6[ 

(d) Let the assumptions of part (c) be in force. Suppose (A p — Y p ) E L P (Q, Q^ 1 '^; F), p E IR, 
where 1/p + 1/q = 1. 

For a E [Q,t], let V H X a E U(Q,,Q^;H) and V ' H Y a E L q (n,Q^;H). Suppose that 
the corresponding norms belong, with respect to o E [0,t], to L 1 ([0,t]). The above defined 
integrals Li, L 2 , R\, R 2 , J are well-defined and we have 

la + L 2 = Ri + R 2 + J ■ 

(e) For all i E I(m,r), we have 

<p (W. +a + (A a - Y a )l) (H^ dW) L 2 e D q , A , a E [0, t) 

if QKQ — l)<q'<q<oo. Furthermore, (H iy 0) E Dom p /(<5) for all i E I(m,r) and all 
p<p' <Q and 8(H h 0) = (H h dW) L 2 E f\/ e[ i,oo) LV '( n > Q^) as wdl as 

Ri = Yl I \ V ( W -+° + - ■ ( H *> d ^) 2 & ' dW ^ 2 Q^KdW) da 

it=I(m,r) ^ <J=0 J " L 

and 

R 2 =~ Yl f J v{W. +a + (A a -Y u )l)-(^D^H l ,dw) L2 ,(H t ,0)^ H Q^ r \dW)da. 

(f) Assume A = A 1 and Y = Y 1 Q^'^-a.e. and let Q be the number that is used in 
the definition of the density m. Let 1/p + 1/q = 1 with p > q and assume (A p — Y p ) E 
L p (n,Q^ n,r ^; F), pel. Suppose the existence of the derivative 

V d)Wo (i -y ) in L«(ft,Q< m ' r >;F). 

We have (0,W + A — Y ) E Dom m (5) with w = mm(q, (l/p + 1/Q)" 1 ) in the sense of 
Subsection 1.2 and 

5 (0, W + A - Yo) =-(w + A - Yo, V ™(Wo) ) ~ ( e ' Vd ' Wo ( io " *°) )f 
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G L w (tt, Q^ 1 '^). Equivalently, we have 

J (w + A -Y ,(D^UW)) F Q^ r \dW) 

= -J (Jwo + Ao-Yo ^^ ^ +^V d , Wo (A -%))^.i,{W)Q^ r \dW) 

(3.5) 

for all ip G D v i where 1/v + 1/w = 1. In particular, 

J = J J\ (W. +a + (A a - Y a )t) 6 (o, Wo + A - F ) daQ^' r \dW) . 

Proof, (a) Actually, everything to prove can be taken from the differential calculus of real 
functions in finite dimensional domains. However, the following more extensive presentation 
will also be a preparation of the proof of part (c). Keeping Definition (I6.5p . (I6.6p . 
Lemma [2.21 (a), and the special choice of the ti in mind, we obtain 

k 

((D< f )(W),r 1 p) H = /o(Wo) ■ ^2{Wi(W tl -W ,...,W tk - W ) , Ptl - po) F 

i=i 

+fi(W h -W ,...,W tk - Wo) ■ (Vf (W ),p ) F (3.6) 

with p = (p — po ■ 1, po) ^ {j(f, x) : (/, x) G H} and V; denoting the gradient with respect 
to the Z-th entry. Accordingly, 

Dip o (W. +a + (A a - Y a )l) = f (W a + A a - Y a ) x 

k 

x ^(VifiiW^+r -W a ,..., W tk+a - Wg, D(W tl+a - W a )) F .+ F 
1=1 

+fi(W tl+a -W a ,..., W tk+a - W a ) x 

x (Vfo(W a + A a - Y a ), D(W a + A a - Y a )) F ^ F . (3.7) 
Now, by Lemma I3TT1 (a), we have <p o (W. +a + (A a — Y a )l) G D q> i. 

(b) We use the fact that, because of its special form, we have p o Ti m ^ = p. Thus Q^'^-a.e. 
it holds that 

p(W. +v + (A v -Y v )l)-p(W) 

= po 7r m , r (W. +v + (A v - Y v )l) - tp(W) 

r d ± 

= ~rP° TTra,r (W. +a + (A a - Y a )l) da 
(7=0 da 

= [ ((Dp) (vr m , r (W. +u + (A a - Y a )l)) (7r m , r (W.+a + (A a - Y a )l)) A da. 

Here we have also applied Lemma 12.21 (a), the special form of Hi, i G I(m,r), and the 
differential calculus similar as in the proof of Proposition 12.71 
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(c) By Lemma [3.11 (a) we have Q^'^-a.e 

d (w k+ , - wy = 



i£l(m,r) 



dKi 



rti+a 

/ H^ds-iH^O), le{l,...,k}, 



i£l(m,r) 

which is by the definition of I(m,r) also the orthogonal projection in H of (el^+o-), 0) to 
the subspace spanned by the functions (J[ 2 .t/2 m ,(z+i)-i/2 m ) ' e j>0)> z e ^> 3 {1, . . . ,n • d}. 
With 

cr~(m) = a~{m, a) := max{z ■ t/2 m :z6Z, z < cr} 
we obtain Q( m ' r )-a.e. for I G {1, . . . , fc} 



£> (Wt i+CT - = (el k - (m)jt!+CT - (m)) , 0) 



+2 r 



(m),t i +o-(m)+t/2 m )> 



0) - (eI [CT - 



(ra),o— (m)+t/2 m )j 



0) 



Recalling now the definition of the weak mixed derivative and taking Definition 12.61 into 
consideration it turns out that Q^ a,r '-Q,.e. 



d (w tl+ „ - w„) , r 1 (w + (i„ - y„) 1 

1 a — a (m) 



H^F 



DiW^-W^J^w) 



I H^F 



— IT/' 

'(m) vv t l +cr~ {m)-t/2 ri 



2 (^CT-(m) — ^ A CT-(m)-i/2" 



+2 r 



^t;+<j- (m)+t/2 m 



-2w; i+a - (m) + H/ t ; +(T _ 



(~m)-t/2 m 



-2 



m— 1 



a — a \m) 



: ^A (p m , r W +ff ^ - ^A (p m , r W +ff ) o , Z G {1, . . . , k}, 



-t/2" 



here, as in Subsection 1.2 introduced, W denoting the right derivative. It follows from 
Proposition 12.71 Lemma I3TT1 (c). (d), and condition (3) of Section 1 that 



d 

W a + A a = — 
dp 



± 



X a (W f 



p=0 



D F (w a + A a ), r 1 (w + (A - Y ) 1 )) H ^ F q { : 



(m,r) 



a.e. 



Furthermore, by condition (3) of Section 1 it holds that Y a+p (W) = A {W U+P ) = A Q {{W p ) a ) 
= Y a (W p ), p G M, , a G [0, t\. Similar to the above we get therefore 



Y„ = 



d 

dp 



P =o d P 



p=0 



DpiYv)^- 1 (w+(i -io)i 



H^F 



Qi m ' r) -a.e. 
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After these preparations we obtain 

k 

J2 fo(W a + A a -Y a )-( (V,/i(Wi 1+ a - W a , . . . , W tk+a - W c ) 



1=1 



D(W tl+a - W a )) F ^ F , J" 1 [W + (A - F ) l) 
+h(W tl+ a -W a ,..., W tk+rT - W a ) X 

x ( (Vf (W ff + A a - Y a ) , D F (W + A a - Y a )) F ^ F , j' 1 (w + (i - F ) l) ) h 
k . 

{ fo(W a + A a - Y a ) ■ V { /i(W tl+ff - W CT , . . . , W tk+a - Wg , 



0/ F 



+ (V/o(W CT + A a - Y a ) ■ h(W tl+a -W a ,..., W tk+a - W a ), W a + A a - Y a 



F 



(Dip) (7r m , r (W. +a + (A a - Y a )l)) ,r 1 (?W (W. +a + (A a - Y a )l)) 



II 



Q( m ' r )-a.e. The claim follows now from f)3.6p . (13. 7p . and Definition 12.61 

(d) Using the notation (Dp^) s ^{W) = X/»ej(r) ^dn ^ ' s e ^> ^ ne following calculation 

is straight forward. 

+ J £^ (fi(W tl+a -W a ,..., W tk+a - W a ) ( <V/ (W CT + A CT - , 

(d f - D){w a + A a - Y a )) F ^ F , r 1 + (a - *o) dag^w 

£ fo(W a + A a -Y a )-( (Vih{W tl+a -W a ,..., W tk+a - W a ), 

Dx{W tl+(T - W a )) F ^ F , dw) da Q^' r \dW) 

I L 2 

II h(W tl+a -W a ,...,W tk+a -W a )x 

(V/ (W CT + A a - Y a ) , D FA (W a + A a - Y a )) F ^ F , dw) daQ^ r \dW) 
J j" (D<po(W. +a + (A a -Y a )i) , (0,W Q + A -Y ^ H daQ^ r \dW). 




a=0 [=1 




+ 

All integrals are well-defined by part (a), the hypotheses to the present part (d), and Propo- 
sition 12.71 

We will now regard the first two integrals on the right-hand side as integrals with respect 
to the measure Q v rather than Q(™ ,r \ As compensation the integrands will be considered 
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under the projection 7T mjr . We obtain 

k 



Li + L 2 = / / ^/o([W ff + AT-n]o7r^ r )-((V,/i([W' tl+<r -W' (T ]o7r. 



m,r; • • • ) 

a=0 i=1 



[W tk+a - W a \ O 7T m , r ) , £>i([Wi I+ff - W„] O 7T m , r )) 




J </<T=0 

x ( (V/ ([W r CT + A a - Y a ] o 7r m>r .) , D F ,x {[W a + A a - Y a ) o 7r m , r )) F ^ F , 
d([W]o7r m>r )-\ do-g^^ + J 

^ (D^p o ([W. +a + (A a - Y a )l] o 7r mir ) , ^) i2 X 

x (Hi , o vr mir ) ) L2 da Q„(dW0 + J 

=: n + J 

We note that r\ is independent of the measure u. Thus, r\ is an integral with respect to the 
classical Wiener measure Q(dV) := J w eD „ Q v (d(V + W T)) where W = V + W 1 G Q and 
V G Qq := {Z7 G f2 : Uq = 0}. Therefore, Dpi is the Malliavin derivative with respect to Q 
on (f2 , £>(f2 )) and the corresponding Sobolev norm in D q ^. We obtain 

L x + L 2 = ^ / / ^ + (A CT - F CT )1] o 7r m , r ) • (Hi, d ([W] o 7r m , r )-) L2 X 

i£l(V) ^ CT=0 ^ 

x (H, dW) L 2Q u (dW)da 



x ((H h 0), D F (Hi,d([W]o7r m>r y) L2 ) Q v {dW)da + J. 



H 



(e) For (Hi,dW)v e f| re [Q/(Q-i),oo) reca U Lemma EH] (a), z G I(m,r). Together with 
part (a) this implies ip o (W. +(7 + (A a - Y a )T)(H i} dW) L 2 G D q > th a G [0, t], for Q/(Q - 1) < 
q' < q and % G /(m, r). We have 



Ri = Yl I I V ( W -+° + ~ Y ^ J ) ' ( H *> d]jV ) 2 , dW)^ Q^dW) da 

2Gi (m,r) 

+ J2 f I v{[W.+v + {A a -Y a )l}ov m , r )-(H u d{[W}o<K m)r y) L2 x 



i£l(r)\I(m,r) ' 
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x (Hi, dW) L 2Q„{dW)da 
52 J Jf i w +° + (At - Y a )i) ■ fa, dw)^ (H t , dW) L 2 Q^' r) (dW) da 



i£/(m,r) 



since ip ([W. +a + (A a - Y a )l] o 7r m ^) ■ (Hi, d ([W] o 7r mjr )') L2 is for i G J(r) \ I(m, r) indepen- 
dent of (Hi, dW) L 2 and J(H , dW) L 2 Q v (dW) = 0. Furthermre, for i G I(r) \I(m,r) we 
have (H^ d ([W] o ir m)r )') L2 = 0. Thus 



i£l(m,r) 



Ri=~ J2 f j * + (At - Y a )1\ O 7T m , r ) 

x ((Hi,{)), D(Hi,d([W}< QjdW)da 

52 r fv ( w -+° + ( a ° - 



H 

X 



i£l(m,r) ' 



x ((H i ,U),D(H i ,dW) L2 ) H Q^ r \dW)da. 



(f) For cylindrical in the sense of this lemma, we have 
J ((Q,W + A -Y ),D<p(W)) H Q<r> r \dW) 




W + A - Y , V W MW) ) „ Qm ] (dW) m(W ) dW 



F 



f U (Wo + Aq - Ko) • /i (W tl - Wb, ■ ■ ■ , W th - W ) Q [ ^\dW) 
V Wo /o(W )\ m(Wo)dW . 



We observe that fx (W tl - W , . . . , W tk - Wo) Qw^idW) is independent of W and obtain 
J ((o,Wo + Ao-Yo),D<p{W)) H Q^idW) 

= - J {(Wo + Ao- Y , ^^) p + (e, V d , Wo (i - %) )J ■ <f(W) Q^ r) (dW) 

where we have taken into consideration Vpi/pH^o = 0. For the well-defmiteness we refer 
to the definition of the density m, condition (1') of Subsection 1.2, as well as to (A p — 
Y p ) G L p (VL,Q <y ™ ,T ' > ;F) where p > q by hypothesis. Moreover, we recall the existence of 
Vd ) wb(Ao — Y ) in L q {Vt, Q^ 1 '^; F) and q > w by hypothesis. The last chain of equation 
yields (0, W + A — Y ) G Dom w (S) and the stochastic integral 5(0, W + A Q — Y ) in the 
sense of Subsection 1.2. □ 

3.2 Related stochastic integral 

The following lemma explains the stochastic integral in (I2.33f) and provides detailed insight 
in the crucial step of the proof of Theorem 11.111 relation (13.1 lip . 
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Lemma 3.3 Let Q be the number appearing in the definition of m in Subsection 1.2, let q 
be the number of condition (V) in Section 1, and letl/p+l/q — 1 with p > q. 
Assume conditions (I 7 ), (2), and in particular, 

W = f( P , W) + W = W. +p + (A p - Y p )l , peR. (3.8) 

Assume furthermore 

(i) (Aq - F ) G L?(n, Q^-F) and V d , Wo (i - Y ) G L«(Q, Q^; F), 

^; a = a 1 , y = y 1 . 

We have ^0, Wo + A — Y j G Dom w (S) with w = min (q, (1/p + l/Q) -1 ) £/ie sense o/ 
Subsection 1.2 and for the term \2. 33\) 

6 (r70V)) = <f(o,Wb + 4>-*o) 

-(*^-*--^>,-<^*(^-*)>, 

f or QM. ae W E £1. 

Remarks. (1) For the term (12.33[) we had assumed /(0, -)(s) G -D P ,i, s £ 71, following the 
context of Section 2. Now that we have specified / and / (cf. (I3.2p and (13. 31) ) it is natural 

to suppose (A - Yq\ G LP(f2, Ql m,r) ; F). 

(2) By condition (1') in Subsection 1.2 and p > q we have w > 1. By (i) of this lemma 
and the definition of m in Subsection 1.2 the first item of the right-hand side of the above 
representation of 8 ^J _1 /(0, -)J belongs to L w (£7, Qi™' 1 ^). By hypothesis we have q > w. 

Hence the second item of 5 ^j _1 /(0, •) j belongs also to L w {Vt, Q^ 1 '^). 

Proof. We show that the right-hand side of ( 12.331) forms a stochastic integral in the sense 
of Subsection 1.2. First, we observe that the right-hand side of (I2.33p . 



i&I(m,r) i£/(m,r) 



f(0,W)(0) Vm ^ ) -(e.V,,„- 11 /(0. (DIO) 



m{W ) l F \ If 
simplifies significantly because of 

(H u df{U,W)) L2 -{H u dW) L 2 = (H i ,dW) L2 -(H i ,dw) L2 = 0, (3.9) 



i£l(m,r) iEl(m,r) 

and 



((Hi^D/H^dmW)) ) =- ({Hi^),D(H u dw) 



L 2 / H ^ \ I L 2 I H 

i£l(m,r) ie/(m,r) 



- ( H i, dH i)v 

iEl[m,r) 

for Qi m ' r) -a.e. W eVt. (3.10) 
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In fact, relation (13. 91) follows from ( 13.81) and ( 12. 31) and relation (13. lOf) is a consequence of 
( 13. 8ft . Lemma 1331 (a), and the definition of the integral (Hi,dHi) L 2 in Subsection 2.1. We 
obtain 

1(W) = - (/(0, W)(0), ^§f) F - (e, WH W)(0)) p 

= - + ^ - y °- w) F - ( e - Vw ( io - *0>, = (3 ' n) 

for Q^'^-a.e. W G f2, where we have taken into consideration V^wb^o — 0. The lemma 
follows now from ( 13.1 ip and Lemma [3.21 (f). especially relation (13. 5p . □ 



3.3 Technical details of the approximation 

In this section we carry out all calculations for the approximation of trajectories with jumps, 
A, X, and Y, by continuous trajectories A n , X n , and Y n . Furthermore, we present the 
technicalities for the extension of the analysis on [— rt, (r — l)t] of the trajectories to the 
analysis of the trajectories on R. For the readers convenience we collect all claims in the 
subsequent Lemma 13.41 The proofs of all individual statements follow then. 

Lemma 3.4 Assume conditions (l)-(5) of Section 1. For all W G Q, there exist sequences 
of processes A n (W) and Y n (W) such that with X n (W) := W + A n (W), n£N, the following 
holds. 

(i) A n = A\, Y n = Y^, n G N, and moreover A n = A\ and Y n = Y^ are continuously 
differentiable. 

(ii) Condition (Hi) of Proposition 2. 7| holds for X n as well as Y n . Moreover, for set, 

VA, s e P| L p (n,Q^;H) and V H Y n , s G f| H) . 

1<P<00 1<P<CXD 

In addition, we have A njS , F n s G -D g ,i(Ql m ' r ' ) ) for all q with 1/q + 1/Q < 1 where Q is 
the number introduced in the definition of the density m in Subsection 1.2. 

(Hi) We have 

A n , s - Y n>s G p| L p (fi,Q^;F)nL p (fi,Q^F) , sGK. 

l<p<oo 

Furthermore, A n (W) — Y n (W) is bounded on finite subintervals of R for all W G 
U m {n m V:Ven}. 

(iv) For all p G [l,oo) ; the derivative Vvk (Ai,o ~ ^n,oj exists in L P (Q, Q^™'^] F). In 

addition, for all p G [l,oo), Vw {A-n^ — Y n ^, seen as a limit in L P (Q,Q^; F), 
exists uniformly for all s belonging to any finite subinterval of R. In particular, 
Vwq (Ai(W0 — Y n (W)j is bounded on finite subintervals R for all W G \J m {^rnV '■ 
KgQ}. Furthermore, 

Jj(e,V Wo (A n)S -Y n ^ F \dse P L p (fi,Qi m) ) 



l<p<oo 



for every finite subinterval S C 
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(v) On \J m {n m W : W G VL\, Vw (A n — Y n ) is continuously differentiable on R and we 
have V Wo (Am - ^ ) = (V Wo (A»,« - Y n>s ))' . 



(vi) With W n ' u := W. +u + (A njU (W) - Y n>u (W)) I, u G R, ^e process X n = W + AW zs 
temporally homogeneous on W G Jl; ie. ; we /law 



= W , A,o ((W n ' u Y) = A,o (W n ' u+V ) , 



and 



X n> . +v {W) = X n (W n ' v ) , veR. 

Furthermore, Y nyV (W) = A nfl (W n ' v ), 

Y n , +v (W) = Y n (W n ' v ) , and A n ,. +v {W) = A n (W n > v ) , v G R. 

In addition, A,- andY nt . are constant on intervals where W^' G" {x G F : \x — z\ < ^3, 
2 G £>"}. 

VFe have the following convergences. 

(a) A n!S (W) - Y n , s (W) ^ A S {W) - Y S {W) for all W G \J m {n m V : V G Q} with W ? 
G{W — Waf), cf. Subsection 1.2, whenever neither nor s is a jump time for X . 

(b) Let W G {-K rn V :V eQ} with W £ G(W - W T). Then 

A n , s (7r m , r W) - Y n ^ m , r W) ^ A nyS (W)-Y nyS (W), 

A n ^ m , r W)-Y n ^ r W) ^ A n , s (W)-Y n>s (W), 

as well as 

W)-V Wo Y n>9 (ir m ,W) ^ (W) - V Wo Y n , s (W) , seR. 

Furthermore, 



sup 

reN 



A n , s ^ m ,rW)-Y niS (7r m , r W)\ G p| Z/(fi,Q! m );F) 

l<p<oo 



as well as 



sup 



V Wo i n , s (7r m , r W) - V Wo Y n ,s(K m ,rW) G L 1 ^, QH; F), seR, 
where the absolute values \ ■ \ and the sup rgN are taken individually for all coordinates of F. 



(c) For all —00 < I < r < 00 it holds that 

Viy ((4..J - Y n>l ) - (A n , r - Y n>r )) 

^ (V Wo A t - V Wo Y t ) - (V Wo A r - Vw o y r ) 
uniformly bounded Q^-a.e. on {7r m W : W G fi}. 
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Remarks. (3) For part (c), we recall that according to conditions (2) and (3) of Subsection 
1.2, A and Y jump only on Q( m )-zero sets. Following condition (1) of Subsection 1.2 it turns 
out that Q^-a.e. on {n m W : W G fl} the set of all of jump times of Vjy A and Vw Y is a 
subset of {r k : k G Z\ {0}}. 

(4) In order to ease the notation in the proof below we will use the symbol | ■ | to abbreviate 
( • , • ) l p 2 in both cases, F = M. n ' d as well as F = M. n ' d (g> M n ' d . Furthermore, the symbol | • | 
will also be used for the coordinate wise absolute value. It will either be clear from the 
context or explicitly be mentioned which meaning the symbol has. 

(5) For the sake of comprehensibility we first carry out the proofs of the parts (a) and (c) 
for the particular case that, for given W G Q with Wq = and x G F, the jump times 
of X = u(W + xl) are independent of x G F. In a separate paragraph at the end of 
this subsection, in we prove parts (a) and (c) of Lemma 13.41 if parallel trajectories in Q 
generate no longer identical jump times for X. There we consider jump times as introduced 
in Definition 11.71 of Subsection 1.2. 

Definition of A n and Y n and verification of (i) and (vi). Step 1 We define A n 
and Y n and construct the crucial system of ODEs. 

Recall from Subsection 1.2 the definitions of g n , j n , and 



s G E, g G {/e : / G C(R)}, n G N, W G Cl. Likewise define Y s (g,^ n ) and F s (-,7 n ), 
A' s (g, 7 n ) and A' s ( ■ , j n ), .... Furthermore, set 



A s (-, ln )(W) := / (A s (W + xl), ln (x)) F ^ F dx 



J F 



Introduce 



A s (g, ln ){W) := f (A s ^(-, ln )(W),g(v)) F ^ F dv, 



B, 



n,s • 



A s (g n , In) 



(3.12) 



and 



a 



A s (g n , In) - Y s (g n , j n ) , s G E, n G N. 



(3.13) 



Let W G Q. Let us consider the following system of first order ODEs 



<p(s) = C n , (<p(s)l + W.+.) =:F(s,<p(s)) 
^(0) = 0. 



sGK, 



(3.14) 



In particular, we have 



F(s, x) = [ [ ( (A„ v (W. +s +yl)- Y_ v (W. 



s 
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9n{v)) F _^ F ,7n(y - x)) dvdy 

I F — vF 

+ f ((&A Tk (W. +s + yl)-AY Tk (W. +s + yi) , 

Jf feez\{o} 

g n {r k o u {W.+s + yf))) F ^ p , 7«(y ~ ^)) , ( 3 - 15 ) 

s G R, x G F. It follows from Remark (6) of Section 1 and the definition of g n as well as 7„ 
that, for fixed so > 0, F(s,x) is bounded on (s,x) G [— sq, so] X -F. Continuity of F(s,x) on 
(s, x) G [—s , s ] x F is a consequence of condition (4) (i) of Section 1. Furthermore, F(s, ■ ) 
is continuously different iable with uniformly bounded gradient for all s G [— s , s ], cf. again 
Remark (6) of Section 1. Thus, the Picard-Lindelof theorem can be applied to all intervals 
of the form [—So, so]. It follows that there exists a global unique solution (p = <p( ■ ;n, W) to 
the equation (13.141) . 

Step 2 We verify (i) and (vi). Equation (13. 14j) is equivalent to 



<p(s) = / C n>0 (ip(v)l + W. +V ) dv (3.16) 
Jo 

and also to 

W.+. + <p(s) 1 = W. +s + I C nj0 (f(v)l + W. +V ) dvl, (3.17) 

Jo 

s G R. We observe that by flSTTTj) 

W™' s := W.+ s + p(s)l, s6l, (3.18) 

is the unique solution to 

W"'* =W.+.+ [ C n , (W n > v ) dvl, seR. (3.19) 



As a direct consequence, W n,s , s G R, is a flow which is continuous in the topology of 
uniform convergence on compact sets. Let us introduce 



D n>s (W) := / C n , (W n ' v ) dv , seR. (3.20) 
Jo 

From the flow property of W n,s , s G R, it follows that 

A^WO = D„, S (W) + (W n > s ) , f G R. (3.21) 

We define 

A n , s (W) := D nyS (W) + S n , (W^ s ) as well as Y HyS (W) := B nfi (W n > s ) , (3.22) 

and 

X n , s (W):=W s + A n>s (W), seR. 
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The following becomes now obvious. By ( 13.191) and (13.221) we have 

W:> s = W s+V + A n>s - Y n>s , s,«el. (3.23) 
Furthermore, we obtain from ( I3.2ip and f!3.22|) and the flow property of W n,s , s£R, 

Y n , s (W n > v ) = B n>0 (W n > s+V ) = Y n>v (W n > s ) (3.24) 

as well as 

A n , s+v (W) - A n , s (W) = D n , s+v (W) + B nfi (W n ' s+V ) - D n , s {W) - B nfi (W n ' s ) 

= D n>v (w n n + B nfl (W n ' v (r- s ) ) - B nfl (W n > s ) 
= A n>v (W n > s ) - A nfi (W n > s ) , s,veR. (3.25) 

As a consequence of (13T221) we obtain A nfi (W n ' s ) = Y n , s (W), s G R. Together with (13T231) 
and ( I3.25P this leads to 

X n , v (W n > s ) = W^ s + A n>v (W n > s ) 

= W:> s + A n , (W n ' s ) + A n>s+v {W) - A n , s {W) 

= W s+V + A n>s (W) - Y n , s (W) + A nfi (W n ' s ) + A n , s+v (W) - A niS (W) 

= W v+S + A n , v+s (W) 

= X n>v+8 (W), s,veR. (3.26) 

Recall the definitions A3. 18j) . (I3.23p . Taking in particular into consideration that (p(s) = 
A n , s — Y n ,s is the unique solution to (13.141) . it turns out that A n>s — Y n>s is continuously 
differentiable in s G R. Let us now demonstrate that Y n ^ s and hence also A n jS is continuously 
differentiable in s G R. Similar to ( I3.14p the system of first order ODEs 

Us) = B n , ((r](s)-Z(s))l + W. +a ) 

r)(s) = Cn,o ((v(s) - I + W. +a ) + B nfi (( V (s) - 1 + W.+.) , set, 

^(0) = B nfl (W) 

V(0) = C n<0 {W) + B nfi (W) . 

has for W G Q a unique solution (77, £) G C 1 (1R; F 2 ). We remark that the point wise derivative 
B n Q exists by the definition (I3.12p and the convolutions in the terms above ( I3.12p . 

By (13TT4"P and (13~T8|) as well as (13T23|) . we have r](s) - £(s) = <p(s) = A n , s - Y UiS , s G R. 
The first line of the above system and (13.221) as well as ( I3.24p imply 

i(s) = B n>0 (W n > s ) = Y nfi {W n ' s ) = ^Y n>s {W) , seR. 

Thus Y nj „ G (^(RjF) and therefore also A n ^ s G C l (R;F). As a consequence, (I3.25P results 
in 

A n>s+v (W) = A ni8 (w n ' v ), s,veR. 
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Below, we will frequently use the calculation rules (13.241) and (13.251) together with its differ- 
ential form displayed in the last relation. 

Furthermore, we recall the above system of first order ODEs for £ and 77 and the hy- 
potheses = and Y(W) = whenever Wq (jL D n , cf. the definition of the process 
X in Subsection 1.2 and condition (3) (iii) of Section 1. It follows that A n> . and Y n are 
constant on intervals where Wq'' ^{iGF: \x — z\ < z G D n }. 



We have defined A n and Y n by (1532]) . (13~7T3"]) . <K2U\f . and flQg) and verified (i) and (vi) 



Proof of part (a). Step 1 We intend to apply Gronwall's inequality for this. The 
inequality is stated in the end of Step 3. In this step we prepare the inequality by analyzing 
the structure of A n}S — Y nsS — (A s — Y s ). 



In order to ease the notation we will frequently write (A — Y)( ■ ) for A( ■ ) — Y ( ■ ) , (A — Y)' 
for A' - Y', and A(A - Y) for AA - AY. Fix W G {n m V : V G tt} with W g' G{W - W 1). 
It follows from (1533]) . (EH, (M), fl3^|) . and ( EJ) that 



sGK. We take into consideration Remark (5) of the present subsection which, in particular, 
implies r k o u (W n ' r + yl) = r k o u(W r ) and set 



of the lemma. 



□ 





(3.27) 



if>(r; n, W) := A n , r {W) - Y n , r {W) -(A- Y) r (W) 



K(s,x) 



K(s,x;n, W) 




+ 




Ki(s,x) + K 2 (s,x) 



(3.28) 



p(s;n,W) 
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r=0 



\{A-Y)'_ v {W r ),g n {v)) F ^ F dvdr 



+ ( E (A(A-Y) Tk (W r ),g n (r k ou(W r ))) F ^dydr 



fcez\{o} 
-(A-Y) S (W) 



(3.29) 



relation (I3.27P results in 



K{y, ip{v)) dv + p(s) 



s e 



(3.30) 



Step 2 We construct estimates on | K^r, ifj(r)) dr |, i = 1,2, and |/ r s =0 K(r, ip(r)) dr | 
+ |p(s)|. Since Vw A' s and Vv^ ^' exist in the sense of conditions (2) and (3) of Section 1, 



a'(S; W) : = sup V X {A - Y)'_ v (W s + xl) 



< oo 



where the supremum is taken over all (v, s,x) G (—1, 1) x S x F and S C R is any finite 
subinterval. It follows that 



K\(r, i[)(r)) dr 



r=0 



< a'{S; W) 



[ (|V>(r)| + 4r-e) dr , s e S, (3.31) 

Jr=0 



where the absolute value has been taken coordinate wise. 

Since AA and AY are piecewise continuously differentiable on F, cf. conditions (2) and 
(3) of Subsection 1.2, 



(3'(S; W) := sup V X A(A - Y) Tk (W s + xl) 



< oo 



where the supremum is taken over all (k,s,x) G {/ G Z \ {0} : 7j G (—1,1)} x S x F 
and S 1 C 1 is any finite subinterval. Now, recall again that AA and AY are piecewise 
continuously differentiable on F. In particular for any fceZ\ {0}, there exist finitely many 
mutually exclusive open sets F\ = Fi(k),F 2 = F 2 (k), . . . with piecewise C^-boundary and 
F = \J.Ti such that AA (W + ■ 1)\ F ., AY (W + • 1)\ F . G C^). 

The last relation together with {3'(S; W) < oo and condition (3) (ii) of Section 1 implies 
the existence of ^'(S; W) < oo such that 

A(A - Y) Tk (W s + xl) - A(A - Y) Tk (W s ) < W) ■ \x\ 

for (k, s,x) G {/ G Z \ {0} : 77 G (—1, 1)} x S x F and any finite subinterval Scl. Also 
here, the absolute value has been taken coordinate wise. It follows that 



K 2 {r, i/j(r)) dr 



r=0 

<i{S',W) \_ (\i>{r)\ + ^-e,g n (T k o U {W r ))) p dr, s G S. 



(3.32) 



fcez\{o} 
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By X(W T ) = X, +r , cf. condition (3) of Section 1, we have 



r k o u(W T ) = T k > o u{W) - r 

for k G Z \ {0} and some k' = If,r) G Z \ {0} such that k — k' is a constant c = c(W, r) 
if A; and k' are both positive or both are negative. Moreover with the same constant c, 
k — k' = c + 1 if k > > k' and k — k! = c — 1 if k < < k', cf. the definition of the jumps 
in Subsection 1.2. 

Relations fl3.28p - fl3.30p together with the estimates on Ki(r,xjj(r)) dr , % = 1,2, in 
(133T|) and fl3T32|) . result in 



K{y , i[)(v)) dv 



\p(s)\ 

<a\S-W) I (^(Oi + i -e) dr 

Jr=0 

+Y(S;W) V f (\i>{r)\+±-e,g n (r k ou{W r ))) dr + \p(s)\ 

I ,. — n \ / F — yF 

kez\{o} J r ~ u 

= [ (\ip(r)\ , P(r;n,W)) dr + R(s;n,W) , sGS, hGN, (3.33) 

Jr=0 X ' 



for any finite subinterval S'cK where all absolute values are coordinate wise, 

a'(S;W)-s i(S;W) T 
R(s;n,W):= K } ■ e + 3 V / g n {r k > - r) dr + \p(s)\ , 

fc'ez\{o} ^ r ~ u 

and 

/3(r;n,^):=«'(^W)-e + 7'(^^) ^ g n (r k > - r) . 



fc'e 



S'iep 5 We apply Gronwall's inequality to carry out the proof of part (a) of Lemma 13.41 
From condition (3) and Remark (3) of Section 1 we get 



'r=0 , , , - 

V n ' n J 



p(s;n,W) = / ((A — Y)' (W r ) , g n {v)\ dv dr 

i r=0 y, e -1,1) \ / f-+f 

V n ' n J 

+ f Yl ( A ( A - Y U W 1 . dr — (A — Y) S (W) 

+ / S S ( A ( A - W , dr - (A — K) S (W) 

7r=0 / i i \ N 7 

•uef--,-) 

((A - r^fW) - (a - , cfc 

in \ / f^f 

-(A-y) 8 (W) (3.34) 
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which implies 

p(s;n,W) ^ 

if neither nor s is a jump time for X. With the last equality sign of ( I3.34p we get 

(p(s;n,W),f3(s;n,W)) F _^ F 

= a'(S; W) [ ((A - Y) S _ V (W) -(A- Y) S (W) , g n (v)) dv 
+^(S',W) I ((A-Y) v (W){g n (s-v),g n (r kl -s)) r .„) 



F ^ F /F^F 



F-^F 



k'GZ\{0} 

-j'{S;W) V ((A-Y) s {W),g n {T k ,-s 

z — 4 \ / F^-F 

fe'GZ\{0} 

({A - YU(W) , g n (v)) dv , (3(s; n, W)\ 

\ I F-^F I j 

Keeping in mind A = Y we obtain 

(p(-;n,W),/3(-;n,W)) F _^ F ^ in ^([0, s); F) 

if, without loss of generality, < s and neither nor s is a jump time for X. It is a 
consequence of the definition of R( ■ ; n, W) and the fact that 



/ 9n {n> - r) dr 



fc'ez\{o} 

is on every component uniformly bounded in n by the number of jumps of X = u{W) on 
+ 1] that 

R(s;n,W) ^ 

(3.35) 

(R{-;n,W),(3(-;n,W)) F ^ F ^ in L 1 ([0, 

if, without loss of generality, < s and neither nor s are jump times for X. It follows now 
from (13.331) and Gronwall's inequality that 

A n , s (W) - Y n>s (W) - (A S (W) - Y S (W)) | = 

<R{s;n,W)+ I (R(v; n, W) , P(v; n, W)) F ^ F ■ exp [ / |/3(r; n, W)\ dr X dv 

<R(s;n,W)+exp\ [ \/3(r;n,W)\dr\ ■ f (R(v; n, W) , p(v] n, W)) F _^ F dv , 

Ur=0 J Jv=0 

(3.36) 

n G N. Here the absolute values in the first line are coordinate wise, the absolute value 
on (3 is not, cf. Remark (4) of the present section. Part (a) follows now on the one hand 
from f)3.35p . On the other hand we use again the fact that X]fc'ez\{o} Ir=o 9 n ( Tk ' ~ r ) ^ r * s on 
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every coordinate uniformly bounded in n. This implies that j^ =Q |/3(r; n, W)\ dr is uniformly 
bounded innGN and we have accomplished the proof of (a). 

As an addendum to this step but also as a preparation to other proofs of the present 
subsection we obtain the following. By (I3.13P and (I3.22j) we have 



A n , s {W)-Y n , s {W) = / (A_ v (- )ln ){W n < s ) -Y_ v {. , ln ){W n > s ) , g' n {v)) F ^ F dv 
and therefore 

A n , s (W)-Y n;S (W) sup A„ v {- , ln ){W n > s ) -Y_ v {- , ln ){W n > s ) (3.37) 



n 



i i 



s G R, n G N, where the absolute value | • | has been taken individually for each coordinate 
of F. 

We have sup,, w \Y S (W)\ < oo by condition (3) of Section 1 and D n is bounded by 
hypothesis. If Wq' s + x £ D n then, by hypothesis of Subsection 1.2, A(W n ' s + xl) = 0. 
On the other hand if Wq' s + x G D n then, again by hypothesis of Subsection 1.2, we 
may assume that X.{W n,s + xl) G D n and take into consideration that A.{W n,s + xl) = 
X.(W n ' s + xl) - (W n ' s + x) - (W. +s - W s ). 

In any case, by (I3.37j) there exists a positive constant c = c(n) which may depend on 
nGN but is independent of s G R and W G {ir m V : V G Q} such that 

A niS (W) - Y n>a (W) < c{n) e + ^1 sup \W S . V - W s \ . (3.38) 



n 



ve 



V n ' n / 



□ 



Proof of parts (c) and (v). Let s G R, n G N, W G {7T TO V : V G f2} with 
Wo gG(W- W 1), and 

«(s) = n, W) := V Wo p(s; ra, W) , (3.39) 

for the well-definiteness of this expression for all s G R recall (I3.34p and Remark (7) of 
Section 1. Let us also recall the existence of a local spatial gradient for A 1 and Y 1 and 
the piecewise continuous differentiability of the jump magnitudes, cf. conditions (2) as well 
as (3) and Remark (2) of Section 1. As a consequence of the definition of K in (I3.28P the 
integral in (I3.30P commutes with the derivative Vjy - Keeping these arguments in mind 
and noting that 



Cn,0= / •, 7n) 7n), 9n( V + i)) dv 

•'u6(--.Q' N ' 



we verify also that the integral J Q S in (I3.16P commutes with the derivative Vw . It follows 
now from (13. 161) that Vw ¥> = Vw <£>( ' i n ; W) satisfies, whenever it exists, 

{Vw (p(s)y = (y Wo Cn,o) {W n ' s ) ■ (V w Ms) + e) , s G R, ^ 4o 

V^O) =0 
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But existence of VwqV 5 follows by the Picard-Lindelof theorem. Together with ( 13.161) this 
yields, en passant, (v). More precisely, we note that Vw ^P is the unique solution to ( 13.401) 
by the representation 

V Wo C n ,o = [ (v Wo (A_„(-, 7n )) - V Wo (y_„(-, 7n )) , g'Jv)) dv (3.41) 



and 



V Wo {A- v { ■ , Jn)(W n > s )) = - J (A_ v (W n > s + xl)e, V xln {x)) F ^ p dx , (3.42) 

the multiplication ( , ) p^.p taken here adequately coordinate wise; a similar representation 
holds for Vw (Y-v( • , 1n)(W n ' s )) . In fact, the Picard-Lindelof theorem yields uniqueness by 
the continuity of s — > W n,s demonstrated in the proof of (i) of Lemma 13.41 which together 
with condition (4) (i) of Subsection 1.2 implies continuity of 

s -> (v Wo C n ,o) {W n > s ) . 

It follows from (l33Uj) that 

Viy ^(s) = / (V^) (v, iP(v)) ■ V Wo ip{v) dv + k{s) , s£i, (3.43) 
Jo 

where, for the well-definiteness of Vwo^i 3 ) for all s G K, we first recall the well-definiteness 
of Vwo^P- Then, for Vy/o^ we keep Remark (7) of Section 1 in mind. According to (13.281) 
and Remark (5) of the present section we have also 




K(s,x) = I I (((A-Y)'_ v (W s +(x + y)l)-(A-Yy_ v (W s ), 

9n{v)) F _+ F , 7n(y)> dvdy 

I F — vF 

+ [ E ((HA-Y) Tk (W s + (x + y)i)-A(A-Y) Tk (W s ), 

9n (r k > - s) ) p ^ F , 7n(y)) , x E F. 



fcez\{o} 



By similar arguments as in the previous step, using conditions (l)-(3) of Section 1, (I3.43j) 
and this representation of K yield 

\V w J(s)\<a\S;W) f |V^(r)|dr 



r=0 



i>{r)\-\g n {T k >-r)\ dr + \K(s)\ (3.44) 



fc'GZ\{0} ' 

for s G S, n G N, and any finite subinterval ScR. With 

k'ei\{o} 
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/ — r 



we obtain as in ( 13.361) from ( 13.441) and Gronwall's inequality 



V Wo (A njS - Y UjS ) - (V Wo A s - V Wo Y s ) = \V Wo ip(s)\ 



< \k(s; n, W) \ + exp 



<5(r; n, W) dr 



r=0 



\K(r;n,W)\-S(r;n,W)dr, (3.45) 



r=0 



n G N, s G S for any finite, without loss of generality non-negative, subinterval S C R. 
Adjusting the arguments of ( 13.341) and ( 13.351) to Vw ^4 and Vw Y and in particular noticing 
the right continuity of Vw /1 and Vw F, cf. Remark (7) of Section 1, we get from (I3.39|) 



k(s; n, W) 
|«(-;n, W)\-5(-;n, W) 







ini^O.s]) 



if, without loss of generality, < s and neither nor s is a jump time for X. Together with 
(13.451) we get from here that 

V Wo ((A n ,i - Y nt i) - (A njT - Y nir )) 

(y Wo Ai - V Wo Y t ) - (V Wo A r - V Wo Y T ) , I < r, 

if neither I nor r is a jump time for X. 

Now we take special attention to condition (1) (iv), the uniform boundedness of Vw A' 
in condition (2), the pendant for V^Y' according to condition (3) in Section 1, and Remark 
(7) of Section 1. Reviewing the definitions of 5 and k via the definitions of a', (3', and (13.341) 
we verify that the latter limit even holds uniformly bounded Q^-a.e. on {Tc m W : W G 
We have shown (c) where, for its formulation, we recall that according to Remark (3) of this 
section Vw A and Vw Y jump only on Q^-zero sets. □ 

Proof of part (b). Step 1 In this step we verify the claims relative to A — Y and 
A — Y . We apply Gronwall's inequality for the proofs of the limits. 

Let W G {ir m V :7eO} with W £ G{W - W 1) and := ir m>r W. As above, let <p 
denote the solution to ( 13. 14|) but let ip^ denote the solution to ( I3.14p for W replaced with 
W^ r \ Let s G M, s > 0, and choose r EN such that \s\ + 1 < rt and 

A- v { • , 7 n) (W.+, + ^ {r) (s)l) - Y_ v ( ■ , 7n ) (W.+, + ^ ir \s)l) 
(^U(-, 7 „) (wXl + ^(s)l) -y_ v (-, 7 n) (wS + V (r) (a)l 



ve 



dv 



< 



ns 



(3.46) 



Such a choice of r G N is possible according to condition (4) (ii) of Section 1. It follows from 
Remark (6) of Section 1 that there is some (3 > not depending on r such that 

A- v { ■ , In) {W. +s + <p( S ) 1) - A_( • , 7 n) (W. + , + <p (r Ks) I) 

- (V_ v ( • , 7 n) (W. +s + <p(s)l) -Y_ v ( ■ , 7n ) (W. +s + <p {r) (s) 1) ) 
n/3 



< 



2ik 



(3.47) 



67 



for all v e (--, ~), \s\ + 1< r*. It follows from flXTij) and fEUo]) that 
^(s)-^)( s ) = / (A^(-, ln )(W. +s + ( p{s)l) 

V n 1 n J 

• , Tn ) + ^ r) (*) l) , d« 

V-«(',7n) (W. +s + ip(s)l) 

-y_(-,7») (wS + v (r) (*)i) . sM)^ *>■ 

Together with relation (13.461) and ( 13.471) . this implies 



n ' n , 



V9( S )-^)( S ) 



^( S )-^)( s ) 



(3.48) 



By (jSHD we have <p(0) = = <^ r )(0). Moreover, because of (I3TT81 and (ET23"|) it holds 
that ^(s) = A»,.(W) - ^-(W) and <^ r )(s) = A n , fl (W^W) - Y n , s (WW). By means of 
Gronwall's inequality, (I3.48p implies now 



<e-e M , \s\<rt. 



<p(s) - <pV(s) 



(3.49) 



We have thus verified A n ^.(7i m ^ r W) — Y n ^.(7i m ^ r W) A n> .(W) — Y nr (W), uniformly on 

every finite subinterval S C R. Relation A nj .(^ m ,rW)— Y nt .(it m , r W) ^£ A n ,.(W)—Y n> .(W), 
uniformly on every finite subinterval S C R follows now from (I3.49[) together with A n p — 
Y nfi = 0, cf. ( 13T22|) . The latter also implies 



(3.50) 



uniformly on (s, v) G S* 2 for every finite subinterval Set. Furthermore, taking the absolute 
value | ■ | and the sup rgN individually for each coordinate of F, 



sup 

rGN 



l<p<oo 



(3.51) 



is a consequence of (I3.38f) and the finite Levy-Ciesielsky construction of ir m ^W in (12. ip . 
Note that the {Hi,dW)L2, i e I(m,r), in (12. ip are independent iV(0, l)-random variables 
and that by the sup / j_ i\ in (I3.38j) we use just a selection of them which is independent 

V n 1 n ) 

of r. 

S^ep 2 We prove the claims relative to Vwo^ — ^w Y. Again we use Gronwall's inequality. 

Let W E {n m V :Vett} with W £ G{W - W Q 1). Recalling f l3T22|) . ( I3T23|) . as well as 
0320]) and ( 13T4T]) we obtain 



V Wo Cn,o) ({W^) n ' S ) ■ (V % 4, s {W^) - V Wo Y n ,s {W^) + e) , (3.52) 



6N 



s 6l. Let us now consider (13.521) a first order system 

£(s) = (v Wo C n ,o) {(W^) n ' s ) • (£(s) + e) , s G 

e(o) = o 



(3.53) 



with solution 



f (s) = V Wo A n , s - V Wo Y n , s (WW) , \s\ < rt, 



which is unique by the arguments for fl3.40p - fl3.42p . Together with representations (I3.4ip . 
f )3.42p . relation (I3.50p . and condition (4) (i) of Section 1 we get 



uniformly on every finite subinterval s G S C K. Now it follows from fl3.40p and ( 13 . 53[) that 
V Wo A n , s (W {r) ) - V Wo Y n ,s (W {r) ) V Wo A n>s (W) - V Wo Y n ,s (W) , set. (3.54) 

By flHaQD -( ]53ZD we have 

v Wo 

A n , s (W) - V Wo Y n ,s(W) 



iff i n(/ ((^(•+*l)-M-+* I ))e. 

V Wo 7n(x)\ dx,g' n (v)) dv)(W n ' s )x 
x (V^A^W) - V Wo y n)S (W) + e) , set. 



(3.55) 



Let us set 



b{n) :-- 



2|b;ill|V 7 n||A F (B^ 



n 



where B i cf denotes any ball with radius \. As for the verification of (I3.38j) we obtain 
from (I3.55P 



< a(n) + 6(n) sup |W_ U+S - W s \\ x 



X 1 + 



V Wo An, s W - V Wo y n , s (W) (3.56) 



where a(n) is some positive constant which may depend on n G N but is independent of 
s G M and G {7T m V : V G fi}. The absolute values on the left-hand side and in the second 
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factor of the right-hand side have been taken coordinate wise. Taking into consideration 
Vw A n ,o — VwoY^o = 0, Gronwall's inequality shows now that 

Vw An,s(W) - V Wo Y n jW) <s \ a(n) + 2b(n) sup \W U - W \ 

r f ,1 

x / exp < a(n) + b(n) sup |W_„+u — W u \ / du (3.57) 

Ju =° ' [ J 

for, without loss of generality, s > 0. In order to verify that all exponential moments 
of sup u6 /_ i i) c ■ \W^ V+U — W u \, c > 0, are finite with respect to the measure and 

bounded with respect to u G [0, s] one may read, for example [15] ; V.8, the proof of the 
lemma following Theorem 43 therein, and adjust this to the measure Q^ 1 '. Applying the 
arguments of (13.511) to the composition of (I3.56P with (13. 57j) we obtain 



sup 

reN 



V Wo A n , s (n m ,rW) -V Wo Y n A*rn,rW) G L l (fl, ; F) , s 6 1, (3.58) 



the absolute value | • | and the sup rGN has been taken coordinate wise. 

Everything stated in (b) is now in (I3.49P as well as the sentence underneath, (I3.5ip . 
(J333), and fl3T58|l . □ 

Proof of the remaining parts (ii)-(iv). Item (iv) of the lemma is a direct conse- 
quence of (13.56!) together with (13.571) . As an immediate consequence of (13.381) we get 

Ks - Yn, s e p| L p (Q, ; f) n L p (o, qM ; F) , s£l, 

l<p<oo 

and verify that 74 n (iy) — Y n (W) is bounded on finite subintervals of ffi. for all W G {n m V : 
V G In other words, we have (iii) of the present lemma. 

The remainder of the proof focuses on (ii). In the first two steps we prove the statements 
about V//X and V hY '. 

Step 1 In this step we construct path wise estimates on the individual directional derivatives 
of A ntS and Y n ^ s with respect to coordinates Ki and Aj. Furthermore, we prove belongingness 
of such derivatives to the stated L p -spaces. 

According to fl3TT2|) . f l3TT3|) . and fl3T20|) - fl3T22|) we have 

A n , s (W) - Y n , s (W) = J' (Ao (g' n , In) (W n > u ) - Y (g' n , ln ) (W n > u ) ) du (3.59) 

and 

Y njS (W) = A (g n , 7 n) (W n ' s ) , set. (3.60) 

In the following calculations we will use the notation Xj = ejl(-), for all coordinates 
j G F, here F = M n ' d . In order to simplify the notation, let us write (A — Y) (g' n ,j n ) 
instead of A (g'^jn) — (fl , n>7n)- According to condition (5) (ii) of Section 1 the equation 



Zi, s = J o ((V H (A-Y) (g' n , ln )yw n ' u ) , {Hi{' + u),Zi,S^ du 

y.,M = o° 



(3.61) 
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is well-defined on jH. By the continuity of u — > W n,u in the sense of (13.191) and the Picard- 
Lindelof theorem there exists a unique solution in some neighborhood U of s = 0. It follows 
also from the Picard-Lindelof theorem that U can be chosen so that it is independent of 
i G I(r). Recalling again condition (5) (ii) of Section 1 we notice that 



{v H {A-Y) Q {g' n , ln )){W n > u ) , (Hi(.+u),Zi, v ) 



i'el(r) 



d • 



d 







j, \ 3 



Now we obtain from the facts that W n '' is the unique solution to (I3.19P and that condition 
(5) (ii) provides the chain rule the existence of the derivative -J^- (A n s — Y ns ) and 

7 - — (A - Y \ 

for all s in some neighborhood U of 0. This implies the existence of the derivative -Jj^-Y n s 
for all s in the same neighborhood U of and 

d 



dn. 



V^ (^,7n)) (W n > s ) , ^H i (- + s),-^-(A n>s -Y n!S ) S jJ . (3.62) 



Let s G 71 fl U = lZ{r) fl U and, without loss of generality, s > 0. With condition (5) (i) of 
Section 1 it follows from (13. 6 1 p that 



JLa -±Y 



j' lim I (((A- Y) (g' n , 7b ) ) (W n > u + e ■ j + u), Z i>u )) 
{A-Y)«{g' n , ln ))(W n < u ) \ du 



< 



V Wo Ao(\9n\nn))(W n ' u ) + (V Wo Y (\g' n \ }7n ) )(W n ' u 



du 



x M(iy i (- + w ),/i u ) I . 2 | + 



_0_A -Ay 



dKi 



(3.63) 



and from (I3.62p that 



—Y 



< 



V Wo A (^, 7 n)J (W n > s ) 
x ( \(H i (- + s),h s ) L2 \ + 



X 



J!_a -Ay 

OKi OKj 



(3.64) 



where h. G H is defined in condition (5) (i) of Section 1. 

For g = \g' n \ or g = g n and W G jH we obtain as in f !3.38|) or (13 .55 p . ( I3.56P 



V Wo A {g^ n )){W n n 



j (j F (A^(.+(x-W )l)e. 
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Vw 7n (x - W ) ) dx , g(v 



F^F 



dv {W n ' u ) 



F-+F 



< d(n) 1 + sup \W- V+U - W u \ 



(3.65) 



as well as 



Vw Y (g,ln) )(W n ' u ) <d{n) 



(3.66) 



u G [0, s], where d(n) is some positive constant which may depend onneM but is indepen- 
dent of u G [0, s) and W G jtf. Relations fl3~63|) . f l3T65]) . and fl3T66|) yield 



UK; OKj 



< [ d{n) (2+ sup \W^ V+U -W U \ x 



x + u),A tt ) La | + 



A A _ly 



du . (3.67) 



Recalling (I3.6ip we verify that u — > -^-A n ^ u — -jf-Y nyU is a continuous function on it G [0, s]. 
Applying now Gronwall's inequality, relation (I3.67P shows that with 



c{W) := 2d(n) sup (l+|W u -W 

V n ' 1 n / 



(3.68) 



we have 



^>-n,s - 1 n,s 

OKj OKj 



<C(W) / +U)A) L 3 1 rf « 



KfTiC.+^A^Mvdtt. (3.69) 



Together with (I3.64p and (I3.65P we obtain from (I3.69P 



<c(W)-\(H l (- + s),h s ) L2 \ + (c(W)) 2 / \(Hi(- + u),h u ) L2 \ du 

Jo 

+ (c(W)) 2 ■ e s < w ^ f [ U \(H t (- + v),h v ) L2 \ dvdu 
Jo Jo 



(3.70) 



and 



< c(W) ■ \{H t {- + s), h,) LI \ + (c(W) + (c(W--)) 2 ) / \{H,(- + ti), A„> L2 | Ai 



+ (c(W) + (c(W)) 2 ) -e s < ][ ' 
for all W G j'-ff and all i G /(r). Recalling the argument after (I3.57P this gives 
— A — 

OKj OKj 



\{H i {- + v),h v ) L2 \dvdu (3.71) 



(3.72) 



l<p<oo 
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Similarly, we get 



A^Ay^e p| L P(n,Q^;F) (3.73) 

3 l<p<oo 



by examining 



(3.74) 



Zj,o = 

and 

Ay njS =((v H A Q (g n)ln )yW n > s ) , (o, Gj + A^-^JJ^ . (3.75) 

Indeed, as above, it follows that z 3 - jS = (A njS — Y n>s ) is the unique solution to (I3.74p for 
all s in some neighborhood of 0. 

Step 2 In this step we represent V^X^ and V ' HY n , s by means of the directional derivatives 
and prove belongingness to the stated L p -spaces. As a byproduct of Steps 1 and 2 we verify 
that A n ^ s and Y njS belong to the stated Z^i-spaces. 
Let ' 

k = ^ (k, (H i: 0)) H ■ (H h 0) + ^(k, (0, e 3 )) H • (0, e 3 ) 

ieJ(r) j 

=: fc (i) + jt(2) = (jfettjfeW) eff 



and 



jfeW^dv, k {2) :=fc( 2 >l(.), k:=k« W 2) . 



o 



On the one hand, keeping condition (5) (ii) in mind, as in f)3.6ip and (I3.62p it turns out that 

d_ 



the derivative 4- (A UtS — Y njS ) exists on jH. In fact, 



d 

Zs ■ \A n ^ s Y n s ^j 



is the unique solution to 

Z s = J\(v H ((A-Y) (g' nnn )))(Wn(k {l K- + n),k^ + Z u )) H ^ F du 



(3.76) 



Z = 

for all s in some neighborhood of and 



d_ 

dn 



Y n , s =/(y H A {g n nn)){W n ' s ) 



^(D(. + s)> k m + JL ( An s _ Yn;S )^ . (3.77) 
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On the other hand, by ( 13.701) we get 

-Y n , s {W)^ < 3(c(W)) 2 ■ + s), h s )% + 3(c(^)) 4 rt jf (#,(■ + u), h u )% du 

(H^ + v),^ dvdu 



d_ 



where we recall the definition of c(W) in (I3.68p . With h s extending to a function of type 
M. — > F by setting h s = on R \ TZ and using the abbreviation c = c(W) the latter implies 



£ (^^V < 3(c(V^)) 2 - - S )||| 2 + 3(c(V^))Vt f\\h u {.-u)\\l>du 

iel{r) V ^ 2 / ^° 

< f3c 2 + 3c 4 ((rt) 2 + (rtfe 2rtc ) J • sup ||/i s || 2 • (3-78) 

Similarly, by ( I3.7ip 

£ (^AU^)) < (3c 2 + 3(c + c 2 ) 2 ((rt) 2 + (rt) 4 e 2rt - c )^) -supll^f. (3.79) 



i€l(r) 



In other words, we obtain by linear combination of (13 .611) and ( 13.621) as well as ( 13.741) and 
( I3.75P and from the uniqueness of (I3.76P and ( I3.77P 

d d d 



ifc/(r) ' j " J 



and 



r\ o r\ 

— F n , s = E(^(^,0))^-— r njS + E(fc,(0,e,))^-— F n , s (3.81) 

i6/(r) * j 3 

in some neighborhood of s = on jH. Now we replace in (13.611) . (I3.74p . and (I3.76P the 
argument W n > u by W n ' u+S ° as well as in ( 13~62|) . ([3775]) . and (I3T77|) I^ n ' s by ^™> s+s o. By 
adjusting the initial conditions in ( I3.6ip . ( I3.74p . and (I3.76P we verify (I3.80P and (I3.8ip for 
all s = s ER. Together with (jSTSjl . (I3T791 and c = c(W) in this says 

t€/(r) * J 3 



OKi OAj 

iel(r) 3 3 



and 



VA, s e P| L p (n,Q[T' r) ;H) and e fl L p (n,Q[T' r) ;H). 

l<p<oo l<p<oo 

74 



We recall (13.591) and (13.601) . as well as the paragraph below (13.371) in order to verify 
A n , s ,Y n , s G f]^ p<00 LP(n,Q^;F). It follows now from (E2Z2J), (E23J) and QSM) and 
Theorem 1.11 in [9J that A n>s ,Y n>s G D q ^Q^) for all q with 1/q + l/Q < 1. 

Step 3 It remains to verify property (iii) of Proposition 12.71 for X n as well as Y n . Let us 
take a look at f!3.82j) and (I3.83p . It turns out that 



the point W G jH. Similarly we get the Gateaux derivative of Y n ^ s . 

We observe that all ^-A n>s , £rY n , s , i G J(r), and all gfjAi,s, ^~Y nyS , s e 71, are 
continuous on jH, i.e., with respect to the coordinates n iy i G and A^. In fact, we 

just use (I3.6ip . (I3.62p as well as (13.741) . (I3.75P together with conditions (4) (i) and (5) (i) of 
Section 1 where we recall from Subsection 1.2 the definitions of the jump times, the relation 
v(G(W)) — 0, W G Q, and the definitions of A( ■ , j n ) as well as Y( ■ , j n ). Furthermore, we 
take into consideration the continuity jH^ 3 W — > W n ' u , u G [0, s]. The latter we derive 
from (13.131) . (I3.14p . and (13.181) and again condition (4) (i) of Section 1. 

With (13.781) . (I3.79p . and (13.681) it follows now that D G A n s and D G Y n s are continuous 
in the space jH. We conclude that DGA nyS {W) and DcYn^iW) are at the same time the 
Frechet derivatives DpA ntS {W) and DpYn^iW) of A ntS and Y n ^ s in the space jH. 

Next we show differentiability of (D F A n ^ s (W))i and (D F Y n>s (W))i for W G jH and 
s G 71. According to condition (5) (iii), Vg(A) ~ ^oXfi^Tn) is continuously different iable 
which we symbolize by (Vg).(A — ^oXsC 7")- F° r fixed r G 7Z and variable s G 71, we 
consider the first order ODE 



Using the arguments for (13.611) . this equation has a unique solution. Furthermore, 




E, at 




du 



Co(r) 



0. 




(3.84) 



is the unique solution to 




+ 



((v Wo (A 




du 



(3.85) 



Z, 



o 



0. 



For W G jH we have 



((V G )._JA 
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+ ((v Wo (A, - r )(^, 7 n)) (W /n,u ) , D F>1 (A n , u - Y n>u )(W) 

iel(r) 

+ {(v lVo (A - F )(^,7n)) (W n ' u ) , - K n ,„)(W) 



= ^-D F)1 (A n>u -Y n)U )(W) 
du 

where, for the last equality sign we have used ( I3.6ip and condition (5) (ii) of Section 1. This 
and D F>1 (A nfi -Y n f(W) = on K, fl^85|) imply Z s = D Fjl (A n , s -Y n)S )(W). Relation (1533)1 
says now that D F ^A n , s (W) — D F ,iY n ^(W) is differentiable. 

As a consequence of (I3.62p and condition (5) (ii) of Section 1, for W G jH it holds that 



ieJ(r-) 

+ ((v Wo A (^,7n)) L>F,l(A n , s -y njS )(W) 



(V G )._ s A (^,7n)J 



Differentiability of D F iY n s (W), W G j-ff, follows now from condition (5) (iii) of Section 1 
and differentiability of D F>1 A n>s (W) - D FA Y niS (W). Thus, D F1 A n , s (W) and D Fjl Y n>s (W) 
are differentiable. As an immediate consequence we get (I2.30p for X n and Y n instead of X. 

For the second order Frechet derivatives we repeat the whole part from (I3.6ip till the 
existence of first order Frechet derivatives D F A n%s (W) and D F Y ntS (W) of A HtS and Y n>3 in 
the space jH. This gives direction how to verify the existence of the corresponding second 
order Frechet derivatives which we sketch below. 

The difference is now that we deal with the mixed second order directional derivatives 
instead of the first order ones. For example, for the derivatives 9k dft ■ A n ^ s and dK 9k ; Y n<s we 
modify relations f)3.6ip and ( I3.62p to 



[ (^UA-Y) {C ln )){W n n , 



Hi(- + U), ^( A n,u - Y n>u )j , (H^- + U ), ^( A n,u ~ Y n>u ) ) ) } (III 



H®H->F 



+ 

ZiA'O — 



jT ^ (y H (A - Y) (g' n , ln ) ) (W n > u ) , (0, Z iAu ) ^ du 



with unique solution Z^i^ = dK d g K - (A n<s — Y ntS ) and 
d 2 
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d \ ( d 

H i {- + s),—{A n , s -Y n , s )\ , ( + (A n , s -Y n> . 



+ (V H A (g n , ln ) ) (W n > u ) , (o, {A n>s - Y r 



(A„ . - YL _n \ 



For the well-finiteness of these relations we use condition (5) (ii) of Section 1. Moreover, for 
the convergence in H (g> H of sums that correspond to (13.781) and (13.791) . we pay particular 
attention to the crucial step for this, namely the counterpart to (13. 63ft . In order to handle 
the second order partial derivatives which appear now we apply 

, 2 > £(■ + ex + <fy) + £(• - eg - gy) - £(• + ex - 5y) - £(• - ex + gy) 

if x J_ y, {V 2 H i,{x : y)) mH = \im £ ^ e- 2 + ex) + £(■ - ex) - 2£) ii x = y, as well as 
linear combinations of these two formulas for general x, y, and we use condition (5) (i) of 
Section 1. Recalling Remark (2) of Section 2, we get the remaining part of condition (iii) of 
Proposition 12.71 for X n and Y n instead of X. □ 

Parts (a) and (c) of Lemma 13.41 if parallel trajectories in f2 do not necessarily 
generate identical jump times for X. Let W G {ir m V : V G Q} with W G" G(W— W t), 
as in the above proofs of the parts (a) and (c) of Lemma EH under the restriction of Remark 
(5) of this section. We concentrate on part (a). Part (c) can be treated in a similar way. 
Let a(s,x) = cr(s,x; W, x ), s G R, x G F, be the time re-parametrization with respect to 
W — WqI and W introduced in Remark (1) of Section 1. 

Step 1 We define a certain time substitution based on An,., Y n> ., and a. According to 
condition (2) (i) of Section 1 we may assume that s = is not a jump time. We set 
t;(0) := 0, A n ,s{W) := A ((W n ' s )~ s ), and Y n>s (W) := Y ((W n > s )- S ), s£i We differentiate 
(I3.27P with respect to s and multiply this coordinate wise with 

dr)(s) = drj(s; n) := 2ds - da(s, W + A n>s - Y n>s ) (3.86) 

where rj = T)(-;n) : R — > R with rj (0) =0 is supposed to be right continuous. Integrating the 
result we get 

A n , r (W) - Y n , r (W)) d V (r) 

r=0 



r=0 
s 



C nfi (W n n d V (r) 

f J j{ ^ A ~ Y )'- ( Wn ' r + ' 9n(v)) F ^ F , ln{y)) F ^ F dvdyd V (r) 

+ E f I ( - ( wn,r + y J ) > 

g n (n o it (W™ r + yl))>^7n(y)) dy <fy(r) 



fcez\{o} ' 



s G R, where we note that the integrands with respect to r of the above integrals are 
continuous by mollifying with j n . 
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Next, we compare the definitions of both mollifier functions g n and 7„ in Subsection 
1.2 preparing condition (5) therein. We give now a motivation for the order n 3 in the 
definition of j n . We recall that for y < 1/n 3 we have coordinate wise \g n (v + y) — g n {v)\ < 
n 2 max \ g[ \ ■ \y\ 0. This implies the existence of a sequence of real measurable functions 

E 3 s — > c n (s) = c n (s; W), n G N, with c n ^± uniformly on every finite subinterval of 
R such that 

J' (A^ r (W)-Y n , r (W)) d V (r) 

= f f{(A-Y)UW n n,9n(v)) F ^ F dvdri(r) 

Jr=0 J 

fcez\{o} Jr -° 

+ / c n (r)dr](r) • e, s£i (3.87) 

Jr=0 

Here, the integrand with respect to r of the second integral of the right-hand side is no 
longer necessarily continuous. However, by Definition 11.71 and the continuity of r — > W n,r 
in the sense of (13.191) the functions r — » A(A — Y) Tk (W n ' r ) and r g n (t& o u(W n,r )) are 
piecewise continuous. By the asymptotic behavior of the mollifier function 7„ as n — > oo 
the increase of the second integral of the right-hand side at jump times is now appropriately 
defined as follows. Form coordinate wise the product of the increase of 7] times the average 
of the left and the right limit of the integrand at jump points. Note that these limits exist 
by Definition 11.71 (j). 

For the moment, fix n G N and, without loss of generality, s > 0. By (13.861) and property 
(i) of Remark (1) in Section 1, the function rj(r) is piecewise continuously differentiable in 
r G [0, s). Thus the function rj has on [0, s) countably many disjoint real intervals (a+, 6 Z + ) C 
[0, s) of strict continuous increase resp. strict continuous decrease {aj ,bj) C [0,s), I G N. 
On these intervals r]{r) is continuously differentiable. 

In addition rj has on [0, s) countably many positive jumps, say at J 4 + G [0, s) and count- 
ably many negative jumps, say at G [0, s). By property (i) of Remark (1) in Section 1, 
r] has left and right limits at these jump times. 

For each of the intervals of strict continuous increase or decrease, the function rj has a 
well-defined local inverse 77^, resp. r]f_. In other words, there exist countably many not 
necessarily disjoint intervals (a ; + ,/3; + ) resp. (al,(3f), I G N, such that r]f^_ maps (cu+,/^ + ) 
onto (a^",6 z + ) resp. r]f_ maps (af,j3f) onto (af,6f). Furthermore, there are real bounded 
open intervals If resp. If such that rj(Jf)— = inf If and T)(jf)+ = sup If resp. r)(J~)— = 
sup/~ and r)(Jf)+ = inf Jr. We introduce corresponding local inverse maps and 77 ~* 

by Jf = r]j+(r), r G if, and Jf = r)~(r), rElf. To simplify the notation, we summarize 
the intervals and points 

X := {all (af,bf), (ar,6~) and all Jf, J~} 

and denote for each I G X the above local inverse map by ff 1 = fjj . If I G X is an interval, 
the inverse fj to fjj 1 is the restriction of 77 to J. If I G X is a point, let the formal inverse 77 
to fjj 1 be defined by fj(Jf) '■= sup If = rj{Jf)+ and fj(J~) := inf I~ = r](Jf)+. 



78 



Step 2 We discover some of properties of the time substitution rj. Let r £ [0, s) and 
£ Z \ {0}. We take into consideration that by definition r/(r) = 2r — cr(r, Wo + A n ^ r — Y n ,r) 
and 

r k o M (iy n ' r ) + r = TV o « (W + {A n>r - Y n>r )l) 

= a (tv o u(W0, Wb + A n , r - Y n>r ) , r £ [0, s), (3.88) 

for some fc' = &'(&; W, r) £ Z\ {0} which we specify below, cf. also Remark (1) (v) of Section 
1. According to Definition 11.71 (jjj), for all k £ Z\ {0} such that tv o u(W) £ [0, s) it holds 
that 

r k o u (W n ' r ) +r = a(T k ,o u(W), W + A n , r - Y n>r ) 
= a (r, W + A n , r - Y n)r ) 

+a (tv o u(W), W + A n , r - Y n>r ) - a (r, W + A n , r - Y n>r ) 
= a (r, Wo + A n ^ r - Y n , r ) + tv o u(W) - r 

= 2r - riOr) + Tk' o u(W) - r = r - riir) + r k > o u(W) if \r k o u(W n ' r )\ < - 

n 

for sufficiently large n £ N. Summarizing the last paragraph, we get 

r k o u(W n ' r ) = -n(r) + tv o u(W) if \n o u(W n ' r )\ < - (3.89) 

n 

for sufficiently large n £ N. We mention that in this case r k o u(W r ) = — r + tv o u(W) 
which means that k and fc' are related as in Step 2 of the proof of part (a) of Lemma 13.41 
under the restriction of Remark (5) of the present section. 

It follows from (v) of Remark (1) of Section 1 and (jjj) of Definition 11.71 that for k' as 
above 

2 (tv o u(W + (x- Wo) J) + S)-a (tv o u(W + (x - W )T) + 5, x) 

= tv o u(W) + 5 , xeD n , (3.90) 

where we keep in mind that we take here W — WqI for W in Definition 11.71 and Wq here 
for xq there. We pick up the situation in f )3.89p . i. e., we assume that r is chosen such that 
\r k o u(W n ' r )\ < - for sufficiently large n £ N. We set 5 := — r k o u(W n ' r ). It follows from 
(I3T881 that r = r k ,o U (W + (A n ^ r - Y n ^ r ) l) + 5. With x := W Q + A n<r - Y n ^ r we obtain from 

r] (tv o m (W + (A„, r - Y n , r ) l)+6) = 7](r) 
= 2r-a (r, W + A n , r - Y n>r ) 
= tv o u(W) + 5 

= rj (tv ou(W+ (A niTk , - Y n>Tk ,) l)) + 5 (3.91) 

where tv without any further argument stands until the end of the present Step 2 for 
tv o u (W + (A n ,T k , — Y n ,T k ,) l), i- e., the last equality sign is (13. 89ft for r = r =: Ty o 
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u (W + (Ai.tv/ — Yn,T k ,) I) • We note that for this particular r we have rfc o iz(W n,r °) = 0. 
For J G X being an interval and 7V ° w (W 7 + {A n)Tk , — ^n,r fc ,) l) G / we obtain 

fjj 1 (TV O «W) = T k' ° U (W + (A n , rv - F„, Tfc/ ) 1) 

and 

% 1 ( r *' ° «W + 5) = r = r fc , o u + (A n>r - y n , r ) 1) + 5 . 
Recalling 5 = Sk(r) = — n o M(iy™' r ) this leads to 

*S? (r, o .(WO + S) = * = 1 + j^Mj / ^ (3.92) 
do etc) dr / dr 

for sufficiently large nGN which means that we assume \tu o u(W n ' r )\ < -. 

Step 3 Setting p = ry ° u(W) + 6 and looking at (13.9211 . the goal of this step is an estimate 
on \dTi I 1 (p)/dp — 1|. For the subsequent calculations we recall condition (3) (i) and Remark 
(3) of Section 1. Furthermore, we keep Lemma [3.41 (vi) in mind. In particular it holds that 

A n , r (W) - Y n , r .{W) = A ntr {W) - Y n , r (W) + (A- Y)^. (W n ' r ) 

= (A nir (W) - Y n , r (W) -(A- Y) T (W)) + {{A - F)_ r (W n ' r ) -(A- Y)_ r (W r )) , 

(3.93) 

As in 1EE2B]) let ip(r) = A n>r (W) - Y n>r (W) - (A - Y) r {W). From the convention that is 
not a jump time for X it follows that — r is not a jump time for u(W r ). For sufficiently 
large nGNwe may because of jr^ o w(W 1,r ')| < - also assume that — r is not a jump time 
for u (W n ' r ). Using (13.93(1 we obtain for sufficiently large nGN and r G [0, s) not being a 
jump time for u(W) = X such that o u(W n ' r )\ < - 

d , -r r \ d 



dr 



(A n>r - Y n>r ) (W) = — ((A n , r - Y njr ) (W) -(A- Y)_ r (W n n ) 



Kr - Y n , r ) (W) -(A- Y)' r (W)) + ((A - Y)'_ r (W n ' r ) -(A- Y)'_ r (W r ) ) 
- Um i ((A - Y)_ r (W n ' r+h ) - (A- Y)_ r (W n ' r )) 

- lim i ((A - F)_ r (UT**) - (A - F)_ r (W))) • 

We treat the three differences on the right-hand side, separated by parentheses, separately. 
For the first one we form the difference with the left-hand side and recall how we have applied 
(I3.27P in Step 1 of this proof. Furthermore, we take into consideration that (A — Y)' r (W) = 
(A — Y)' (W r ). For the second one, we use the idea of (13.311) . In order to treat the third 
difference we recall the way we have used Proposition 12.71 in Lemma [3.21 (b) and (c). Again 
with the idea of estimating used in (13.31 j) we get 

^ r {A n , r -Y n ,){W)- {HA-Y) Tk {W n n,9n{r k ou{W n n)) F ^ F 

fcgZ\{0} 
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< 



(A-Y)' (W n n-(A-Yy (W r ) 



+ \c n (r)\ + a'(S; W) ■ \^{r)\ + 8'(S; W) ■ \^{r)\ 

(3.94) 



for some positive constant S'(S; W) < oo where S = [0, s). In (I3.94p and in the next relation 
the absolute values are taken coordinate wise. Furthermore by (13 .93[) . 



(V Wo r fc , o U )(W+ (A n ^W) - Y n>r (W)) 1) - (V Wo T k , o u ) (W)\ 
< K '(S;W)-\^(r)\ 



(3.95) 



for some positive constant k'(S; W) < oo by (j) of Definition 11.71 and condition (3) (ii) of 
Section 1. For sufficiently large n G N and r G [0, s) not being a jump time for u{W) = X 
such that \r k o u(W n ' r )\ < - the subsequent estimate uses (I3.94|) and (13.951) and 

(r k , o U (W+ (A n , r (W) - Y n , r (W)) 1) , A(A - Y) Tk (W n > r )) F = , 

recall (W + (A n>r (W) - Y n>r (W)) l) r = W n > r , r k , o u {{W + (A n , r (W) - Y n , r {W)) l) r ) = 
r k o u (W n ' r ), and (jv) of Definition 11.71 We get the estimate 

i. Tfc/ ou (W+ (A n , r (W) - Y n , r {W)) 1) 



(V Wo T k , o u ) (W + (4», P (W0 - Y n , r (W)) 1) , 



dr 



(A\ r - Y n , r ) (W) - (A(A-Y) Th (W n ' r ),g n (r k ou(W n ' r ))) 
kez\{o} 

+ Yl (n>°u(W+(A nir {W)-Y n>r {W))l) , 
fcez\{o} 



(A(A - Y) Tk (W n n , ^ n (r k o „(W»-*-)) W , i . 

< (\(V Wo T k/ o u) (W)\ , \c n (r)\ + 2o'(5; W) ■ \^{r)\ + W) ■ \^r)\) F 
+ (k'(S; W) ■ \i/>(r)(W)\ , \c n (r)\ + 2a'(S; W) ■ \if,(r)\ + 5\S; W) ■ \^{r)\) p . 

For this we recall also that for the whole proof we hold W G {n m V : V G Q} with Wq G" 
G(W — Wot) fixed. Summing up, we have 



d 
dr 



r k , o U (W+ (A n ,.(W) - Y ntr (W)) 1) 



<C l -Wr)\+C 2 



[r)\ 2 + d n (r) 



(3.96) 



for some positive constants C\ = C\{S\ W) < oo, C 2 = C^S 1 ; W) < oo and rf„(r) lT r^ 
boundedly on r G [0, s) = S. As above we mention that (I3.96f) holds for sufficiently large 
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n G N and for r G [0, s) such that |rjfc ou(W /n ' r )| < -. The restriction not being a jump 
time for u(W) = X can now be neglected by looking at r = Ty o u (W + — F n r ) l) + 5 
again and recalling that 5 = Sk(r) = — r fc o u(W n < T ). 

In order to prepare the conclusions of this step we recall ( 13.891) which in particular says 
that p = 5 + Ty o u(W) = r](r). We note that ip(r) = ^(r; n, W) is bounded in n 6 N on 
r G [0, s) = S*. This is a consequence of the last sentence in Lemma I3T41 (vi). 

We observe that, without loss of generality, we may assume | liminf r dSyir) / dr\ > for 
r such that \t^ o u(W n,r )\ < - and n G N sufficiently large. This assumption is justified by 
the fact that supposing d5k(r)/dr = —dr k o u (W n ' r ) /dr — > on some subsequence rik — > oo 
and some r = r nfe with the above hypotheses on r, we would by (13.27P obtain \if)(r)\ — > oo 
on this subsequence. However we have already given an argument that this is impossible. 

For some C 3 = C 3 (W; S) independent of n G N we obtain ow from f !3.92p and f)3.96p 

<1 " 1 ' ' (l>) 1 < C 3 ■ |V {vY'ip)) I + d n (^(p)) (3.97) 



dp 

for all p G {q(r') : r' G J} n [tv o u(W) - J , Ty o u(W) + ±] and all jfe' G Z \ {0} such that 
Ty o u + (^4n,r fe , — ^n,r fc/ ) l) G / where / G X is an interval. 

Moreover, there exist b n (I) > for all intervals I G X such that the sum of the b n (I) 
over all such / is finite and and b n (I) ^± boundedly and 

df]J 1 (p) 



... dp<b n (I). (3.98) 

dp 

for sufficiently large n G AT. Here the integral ranges over all p G {^(r') : r' G /} \ 
[rjfe/ o u(W) — - , Ty o ^(H 7 ) + i] . This is a consequence of the following observation. For 
time intervals between two jumps of the form ou(W n,r ), ( I3.27P can be treated in a similar 
manner, no matter whether or not we require the restriction of Remark (5) of this section. 

Step 4 We introduce a decomposition similar to (I3.27p - fl3.30p . Let / G X, q G I, and if I 
is just a point, set inf I := I—. For the sake of formality, we write also fj(mi /) for t](mi I). 
Using (I3.87P and (I3.89P we obtain for k! = k'(k; W, 77 _1 (r)) and sufficiently large n6N 

A n , r (W) - Y n>r {W)) d V {r) = / [A njfj -i {r) (W) - Y n ^ {r) (W)) dr 

inf/ v ' Jfj(mil) V / 

»?(<?) 



fj(mil) 



((A-Y)'_ v (W n ^),g n (v)) dvdr 

\ I F^>F 

/ ( A(A - Y) Tk {W n *~ W) , 9n ( T y o u(W) - r) ) dr 



fcGZ\{0} ' 

+ / c n (fj- l {r)) dr-e (3.99) 

i?7(inf I) 

where we note that the variable substitution is compatible with the above mode of integration 
with respect to dr\ at jump times. We set 



f(r) =r(r;n,W):= j {{A - Y)'_ v (w^) , g n {v)) 



dv 



+ ( A ( A - Y )r k (W^) , g n (Ty o U (W) - r) ) F ^ p + c n {^(r)) ■ e . 



kez\{o} 
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■nil) 

f?(inf I) 



Differentiating (I3.99j) and re-integrating then with respect to r\ 1 we get for I £ I and q E I 
(A-Y) n>q (W)-{A-Y) nMI (W) 

-((A-Y) q (W)-(A-Y) iniI (W)) 
(A nin - Hr) (W) -Y n>n - Hr) (W)) dfj-\r) 

7)(inf/) V 7 

-{(A-Y) q {W)-{A-Y) inU {W)) 

{{A - Y)'_ v (w n *~ 1{r) ^j - {A- Y)'_ v (w^ 1 ^ , 
g n (v)) dvdr)~ l (r) 

+ [ {q) (A(A - Y) Tk (w"*-Hr)\ _ A{A _ Y ) Tk (W^A , 

g n (Tk>-r)) dfj~\r) 

I F^F 

+ / f(r) df)- y (r) - ((A - Y) q (W) -(A- Y) in{I (W)) (3.100) 

Jfj(inil) 

where, in case that I is just a point, we read the integral «( • df]~ l {r) as 

j! ,,( ■ )(r) dr = 0. Now we recall that the time re-parametrization a(s,x), s G R, x G -D n , 
with respect to W — Wo! an d Wo of Remark (1) in Section 1 is on every finite subinterval 
of R just in the time points tv ou(W) (and all x G D n ) uniquely defined, cf. (v) of Remark 
(1) in Section 1. 

Step 5 We construct estimates on the items of (I3.100j) . Using f !3.86|) and (I3.9ip we ob- 
serve the following. Except for neighborhoods of the finitely many jumps times 7V ° 
u (W + (A n ,T k i ~ Yn,Tu) l) e [0) s ) sucn that they correspond via 77 to e- neighborhoods of 
7V ow(W) in the sense of (I3.9ip . the functions rj = //(•; n) can be slightly altered on [0, s). For 
e > let e (S) denote the union of these neighborhoods of r fc / o u (W + [A n;T , — Y n Tk ^ l) 
intersected with S = [0, s). 

In particular, we may assume that for no n G N there is some interval of constancy on 
[0, s)\e([0, s)). Without loss of generality, we may also assume that for all I G X being 
intervals the restriction of fjj 1 to {fji(r) : r G 7\e([0,s))} is continuously different iable. 

We set 

^(r) = ^ (r ; n, W) := A n>fj - Hr) (W) - Y n>fj - Hr) (W) -(A- Y)^ {r) {W) . 

Recalling how we proceeded in Steps 2 and 3 of the proof of part (a) of Lemma 13.41 under 
the restriction of Remark (5) of this section, we arrive with (I3.100p at 

(A - Y) n , q (W) -(A- Y) nMI (W) - ((A - Y) q (W) -(A- Y) inU (W)) 
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p{q) 
< ,n 

Jf)(inf /) 

rv{q) 
+ / 



'(S;W)- $(r) +l'{S ] W) ]T (^(r) , <? n (tv - r) ) | dfj-^r) 

kez\{o} 



+ E / ( A ( A " F ^ (^ rl(r) ) , (tv - r) 

fcGZ\{or^ inf/ ) 

- ((A - Y) q (W) -(A- Y) MI (W)) 



F^F 



dr\ (r) 



~'r I \Cn(r)\ dr ■ e 

inf I 



=: R 1 + \T 1 \ + R 2 



(3.101) 



where i?i = R\{n\ I) is the term in the first line after the " < " sign, T\ = Xi(n; I) is the 
term inside the coordinate wise absolute value signs that follows R\. R 2 = R 2 {n;I) is the 
last integral on the right-hand side. Because of (13 .89H we have for all I G X and sufficiently 
large n6N 

T fe o u(W n ' n ~ 1{T) ) = -r + Ty o u{W) = T k o U {W T ) 

or, equivalent ly, 

r k o u(W n *~ 1{r) ) -r k o u{W frHr) ) = r k o u(W r ) -r k o u{W rl{r) ) 



if 



r k o u(W n,v 1 ( r) ) < ~ which implies \—r + 7V o it(VK)| < ~. This yields 
A(A-Y) Tk (w^ 1{r) ^ - A(A-Y) Tk (W r ) <-y'(S;W)- $(r) 



and therefore 

T\ < 



9 

inf 7 



E / < - Y )tu ( wr ) > 5n (tv - r) > M drV) 
kez\{o} Jf >(™ iI ) 



~ ((A-Y) q (W)-(A-Y) inU (W)) 







lfj{mil) ^ 





F^F 



drj (r) 



-■ \T 2 \+R 3 



(3.102) 



where T 2 = T 2 (n; I) is the term inside the coordinate wise absolute value signs after the " < 
" sign. R 3 = Rz{n\ I) is the last line on the right-hand side. Furthermore, if I is an interval, 
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we have 



nil) 



((A-Y)' r _ v (W),g n (v)) dvdr 

i l\ \ I F^F 



I J2 {A(A-Y) r _ v (W),g n \ 

fj(infl) ' 



r i ) dr 

F^F 



ve 



vet 



((A - Y) m . v (W) - (A - Y) n{M iyv (W) , g n {v)) 



dv 



F^F 



and consequently 



To < 



((A - Y) m „ v {W) -(A- Y^mn-viW) , g n (v)\ dv 

n ' n / 

-((A-y),- (9) (M/)-(A-y^ (infI) ) 



u6(--,-) Winfl 



9 /•??(<?) 

(A - Y)' r _ v (W) dr- (A- Y)' r _ v (W) dr , g n (v) ) dr 

Jfj(infl) 



F^F 



/') ) dr 

F^F 



/ 12 {A(A-Y) r _ v dr, ^ 

Jfj(mfl) , , , x X 



F—tF 



V n 7 n / 

- - rywo - (a - y) mf /(wo) + ((^ - y) fl(fl) (w) - (a - y), (lBf/) (wo) 



( T E (a(a - r) r _„ , 



V (A(A-Y) r ^dr,g n (v) 



+ i?4 



|T 3 i + T 32 - Q| + i? 4 



(3.103) 



where T 3i = T 3 i(n; 7), T 32 = T 32 (n; I), and Q = Q(n; I) are the terms inside the coordinate 
wise absolute value signs separated by parentheses and 



R A = R 4 {n;I) :-- 



J2 I (A(A-Y) Tk (W r ),9n(T k >-r)) d{r\r)-r) 

(3.104) 



Step 6 In this step we look at ( 13. 1011) - (13.1041) simultaneously for all I e X. By definition, 
the most right I G X is an interval. For that / we choose q := s. For all other intervals 



85 



I £ Z, let g := sup/—. If I is just a point then let q := I. In this case we remind of 
the convention ' ){v~ 1 { r )) dr)~ l {r) = f^ nU ( • )(r) c?r = 0. Moreover, if I = q is just a 

point, we have Ri = R 2 = R3 = and T x = T 2 = — A (A — Y) q (W). If 7 is just a point, we 
set T 3 i := - ((A - Y) m (W) - (A - F)^ (infJ) ), T 32 := - ((A - - (A - Y) mlI ) + 

((A - Y)fj( g )( W) - (A - F)^(inf/)), and consequently R 4 : = 0. 

Recalling (13.970 we get with some positive constant C 4 = C±(S] W) < 00 not depending 
onneN the estimate 

]T R^n-J) 

j£l is interval 

^(sup I) 



I £1 is interval k£Z\{0} 



<C 4 - 2J y f . \9n(r k '-p), [^(P) +d n {f]- 1 (p)) -eJJ^dp 

(3.105) 



where for the usage of (I3.97P we have taken into consideration that ^>(p) = V* I 7 ? 

We complete the proof by referring to the similarities in (I3.33p - fl3.35p . First we take a 
look at J2iei^ 31 ( n ^ -0 anc ^ X]/ex^~32( n ; wnere ^31 an d ^32 are defined in (13.1030 . Here 
we point out similarities to (13.340 if I is an interval. For the choice of q = I in case that / 
is just a point recall the first paragraph of the present step. As in (13.340 it turns out that 

pi(s;n,W) :=^T 31 (n;J) ^ 0. (3.106) 
/ex 

In addition, assuming without loss of generality r)(s) < s, 

p 2 (s;n,W):=Y,T 3 2(n;I)= [ If (A - Y)' r _ v (W) dr , g n (v)\ dv 

iei Jve {~bi) \ J n(s) I f^f 



\ n 1 n / 



-((A-Y) S (W)-(A-Y) V{S) (W)) ^ 0. (3.107) 



Moreover, with 7V := maxjA;' : tv < s} and <i s := s — 7V, we have for sufficiently large 



£)Q(n;J) 



/ex 



^ (A(A-y) r _«(wo, & 



(/?■ 



< J I (* - f ) - V (s - f ) I = J |*(* - f ,W„ + (A - Y) nia 



since we assume that s is not a jump time for X. Here C 5 = C 5 (S;W) < 00 is some 
positive constant not depending on n 6 N. The absolute values are take coordinate wise. 
From Remark (1) (i), (iii) of Section 1 we get the existence of some positive constant Cq = 
C e (S; W) < 00 not depending on n e N such that J2 l€l Q( n '^) — CQ/d s \(A — Y) ns _d £ _\. 
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Recalling how we have estimated in (13.311) . by (13.931) there are constants C7 and Cg with 
the properties of Cg such that 



/ex s 



4 



4 2^1 d s 

C* f'" (s) 

r=0 



V'^-f)) <^ (|^(r)|, 5n (77( S -f)-r)) dr. (3.108) 



For the last line we have also taken into consideration that because of (I3.98P it holds that 
i](s — y) < v( s ) f° r sufficiently large n G N. 

Now we screen the terms Ri, R2, R3, and -R4. We take into consideration relations 
(13.971) as well as (13.981) and the fact that, in case that / 6 I is just a point, we have 
R\ = R2 = R3 = Ri = 0. We introduce 

h{r;n,W) := a'(S;W) ■ e + 2i{S;W) ^ g n {r v - r) + ^g n ( V (s - f) - r) , 

kez\{o} s 

which is the sum of the coefficients for |^(r)| in Q and R\ as well as R3 for integration 
with respect to dr. In addition, using (13.97!) . we § e t some coefficient /3 2 (r;n, W) for \ip{r)\ 
coming from R\, R3, and R4 for integration with respect to dr}~ l (r) — dr. Relations ( 13. 104ft 
and (I3.105P give the idea how to construct (3 2 {r; n, W). We set /3(r; n, W) := $i(r; n, W) + 
fc{r;n,W). 

Furthermore, let R(s;n,W) be the sum of pi(s;n,W), p 2 (s;n, W) (cf. ( I3.1Q6[) and 
(|3.1 07ft), Z) /ez R 2(n; I ), and all other terms in Y,iei R ^ -0> Z)j e z ^3(n; I ), Xl /gz jgfr -0 
tending by (13. 9 7ft and (13. 98ft to zero as n — >• 00. Also here, relations (13. 104ft and (13.105ft give 
the idea. We arrive at 



Tp(ri(s)) =\ip(s)\< [ ( Mr) , j3(r;n,W)\ dr + R(s;n,W) , hgN, 

.L-n \ / F^s-F 



T)(s) 
r=0 

where all absolute values are coordinate wise. This is the counterpart to ( I3.33ft - (l3.35ft . The 
claim follows now as in f !3.36[) . □ 

3.4 Proof of Theorem [TTTT1 

Proof of Theorem 11.111 Let W n ' s , seR, denote the flow defined in Lemma I3T41 (vi). In 
Step 1, we will establish an equation for the measures o W n ~ v , v G (0, i], assuming 
t > 0. 

Using this equation we will demonstrate in Step 2 that the Radon-Nikodym derivatives 

(m) _ rfQM o W n '~ v 
dQ?> 

exist in a certain sense. Furthermore, we will provide a representation of ijo^-v m other 
words, we will derive a pre-version ( 11.1ft on projections to Hi, i G J(m), and e,, j G 
{1, . . . , n • d}, as far as jumps are not involved. 
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In Step 3, we are going to incorporate the jumps, i. e., we are going to determine the 
weak limit lim^oo m l v Q^. In this way we will actually prove the existence of densities 
of the form 

dqi n) 

In Step 4 we will prepare the verification of the conditions of Theorem 12.11 Moreover, 
in Step 5, we shall verify (i) and (iii) of Theorem 12.11 and carry out the approximation 
lim m ^ 00 u;^' ) which will lead to the representation (11. ip . In Step 6, we are going to verify 
the remaining condition (ii) of Theorem 12.11 which will prove the theorem. 

Step 1 In this step, we shall derive an equation for the measures o W n ~ v , v G (0,t\. 

Let <p be a cylindrical function on C(R;F) of the form <p(W) = fo(W ) ■ fi(W tl — 
W ,..., W tl - W ) where f G C*(F), f\ G C l b {F l ), and t t G {z ■ t/2 m : z G Z \ {0}}, 
i G {1, . . . , I}, I G N. We notice that if we consider these test <p functions under the measure 
Q(m,r) fa en we ^ ea \ exactly with the test functions used in Lemma 13.21 

Let X n = W + A n and Y n , n G N, be the sequence of processes introduced in Lemma 
Eland let W n > s := W. +s + {A n , s - F n , s )l, s G R, be the flow which has been defined in 
Lemma 13.41 (vi) on {(n m W) . +w :WeVL, w G [0, • t) }. For the sake of definiteness we 
extend this definition to Q by setting A n .(W) := A(W) and Y n .(W) := Y(W) if W g 
{(n m W). +w :Wefl, we [0, sir • *)}. Note that now W n ' s , s G R, is a flow on Q, with 
W nfi = W. We get 



J ^ dQftfi o W n ~ v - J ^ dQ^fi 

<p(W n > v )Q ( ™\dW)- [ ip{W)Q { ™\dW) 



= J (<P (W. +v + {A n , v - Y n>v )l) - <p(W)) Q { ?\dW) 

= hm J (W. +v + (A njV - Y n>v )l) - <p(W)} Q^' r) {dW) (3.109) 

where the limit lim^oo follows from Lemma l3T4l (b) and Lemma l2T2l (c) with if> = ip(A n — Y n ). 
For this limit we take also into consideration condition (4) (i) of Section 1 and that A n = A\ 
and Y n = Y^ by Lemma [331 (i). 

Recalling Definition 12.61 (b) and using Lemma [3.21 (b), we obtain 

J (W. +v + (A n , v - Y ntV )l) - <p(W)^ Q^ r \dW) 

((Dip) (vr m , r (W. +a + {A n , a - Y nj<7 )l)) , 

j 1 (vr m , r {W. +a + (A n , CT - K n , CT )l)) •) daQ^' r \dW) 




where the " ' " indicates the weak mixed derivative with respect to a G [0,t]. Because of 
Lemma 13.21 (c) this is thus equal to 

ip (W. +v + [A n , v - Y n , v )l) - <p(W)) Q^ r \dW) 



Ss 




Dip o (W. +a + (A n , a - IV) 1) , 

1(7=0 K 

j 1 (W + (i n , - Y n , ) l) ) h da Q { ^ r \dW) . 
Summarizing everything from (13. 109[) on, we get 

J ip dQ^ o W n '~ v - J ip dQW 

Jim / / (Dtp o (W. +a + (A nja - F n , CT )l) , 

j 1 (W + (i n , - K, ) l) ) h daQ^ r \dW) 
lim / / ( (ity o (W. +a + (A n , CT - K n , CT )l)) 1 , <W) d<7Q< m,r) (<*W0 




L 2 

+ Hm y y (W. +a + (A n , a - Y n , a )l) , W + A n , - F n ,o) F rfaQ^(^) . 

(3.110) 

In order to apply Lemma 13.21 (d) we note again that the weak mixed derivative defined 
in Subsection 2.3 is compatible with the integral of Definition 12.61 (a), cf. also Lemma [3.11 
(b) and its proof. For the following this means in particular that 



(Hi, 0) , r 1 (W + (A n , - F n , )l) ) h = (Hi, dW / _ 
By Lemma [3.21 (d)-(f) and by ( 12. 3p as well as Lemma [3.31 we verify now 

j (D<po(W. +(T + (A n}a -Y nja )i) , r l {w + (A nfl -Y nfi )l)) H Q^ r \dW) 

= Y, f (D(po(W. +a + (A n ^-Y nja )l) , (H i ,0)) H -(H i ,dW^ L2 Q^ r \dW) 

i£l(m,r) 

+ J (Dip o (W. +a + (A n a - F n , CT )l) , (o, Wo + in,o - Y nfi ) ) h Q { ?> r \dW) 
= J ip (W. +a + {A n>a - Y n>a )l) x 

£ ( (h, dW)^ ■ 5{Hi, 0) - (D (H h dW)^ , {H, 0)) h j 



i6/(m,r) 

Vm(W ) 



m{w ^ ,W + A n , -Y n ,oJ -(e,V d , Wo (A nj0 -Y n ^ F ) Q^ T \dW) 

ip (W. +a + (A,, ff - Yn,a)t) (( ^ff > W + A nfi - Y n 

e,V d)Wo (A nfi -Y nfi ))) Q^ r \dW) 



^ - J ip (\V. +(7 + (A n , a - Y n , a )l) (/ ^ff , ^0 + in,0 - ^n,0 
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+ (e,V djt v (in,o-^ I o)} ir J Ql m) (^). (3.11i; 



Here the Hindoo follows from Lemma 12.21 (c) with if) = ijj{A n — Y n ,A n — Y n ,Vd,w A n — 
V d,w Y n ) and Lemma [33] (b). In the following, let denote the coordinate wise and 

inverse and x c denote the coordinate wise product. The log of a vector will denote the 
coordinate wise logarithm and the absolute value of a vector is going to be the vector of the 
absolute values. Recalling (13. 109fl - ( T3. 1 1 lj) . it holds that 



J <p dQ™ o W n ~ v - J (p dQ™ 



a=oJ \\ m(W ) 1 p 



+ (e, V d , Wo (i n , - F n>0 ) ) f j Q { r\dW) da 



(7=0 



V 



+ (e, V d>Wo (i n>0 - F n , ) (W /n '- CT )) F ) rfQl m) o W^da 



a=0 J \ '"V KK J / F 

v 



7Ti(Wq 

V ■ (e, (v d<Wo (A n _ a - Y n _ a ) j x c 

x c (e + V d , Wo (A n _ CT - Y n> _ a ) )~*\ rfgl m ) o da 

Ja=o J \ m(W ) / F 

-jT y <^-(e, (log|e + V d , Wo (A ) -.-K,- CT )|)) jr rf(5l m) oW n '- CT d ( 7 (3.112) 

where for the second equality sign we have applied the flow property of W n ' ' and in particular 
W n,o = w Furthermore, we have made use of X n> ._ a (W) = X n (W n ^ (T ), Y n ^ a (W) = 
Y n (W n >- a ), and A n ,.- a (W) = A n (W n '- a ), cf. Lemma EH (vi). 

Step 2 Let denote the cx-algebra on which is generated by the projection operator 
7i m . In this step, we shall specify a subset of [0,t] such that, for v belonging to this subset, 
the Radon- Nikodym derivative dQ^ 1 ' o W n ~ v /dQ^ exists on (Cl, J 7 *" 1 )). We will also derive 
a representation of the density. Let us keep up with the following form of (I3.112p . 



J (p dQ™ o W n ~ v - J<p dQ™ 



a=o J \\\ m{W ) 1 F 



Vm(Wo) 

'0) 

e, V d , Wo (i n , - Y nfi ) ) p ) dQ^ o W n >-° da 
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We recall that by X n — Y nj0 = W + A n ^ — Y n $, the definitions of the density m and the 
exponent q in Subsection 1.2, as well as by Lemma [3.41 (iii) and (iv), 

is a finite signed measure. Using monotone convergence it turns out that ( 13.1121) holds for all 
indicator functions <p(W) = I{w/ tl e.4i,...,w / ti g J 4 ; } where £ are open sets, U £ {,2-t/2 m : 

2 £ Z}, i £ {1, ...,/},/£ N. Using Sierpinski's monotone class theorem it follows now that 
f 13 .112)) even holds for all cp £ Bf,(Q,J-^), the set of all bounded and with respect to 
measurable functions on Q. 

Let us now establish a version of ( I3.112p for time dependent test functions ip which are 
defined everywhere on [0, t] x Q and satisfy the following. 

^•jeBj^jW), ve[0,t]. (3.113) 

There exists (dif)/dv)(v, •) such that 

, ip(v + h, ■) oW n ' v+h -ip(v, ■) oW n > v+h 
lim 

h-*Q h 

ip{v + h, ■ ) o W n > v - ip{v, ■ ) o W n ' v 



lim 

h^O h 

^(v,-)oW n '\ ve[0,t], in L\n,Q^). (3.114) 



It follows that, for all v £ [0, t], there exists the limit 
^ J j,(v, ■ ) dQ^ o W n >- V 

ip{v + h,-) dQ^ o w n >- v ~ h - I *p{v, ■ ) dQ^ o W n '~ v 



— lim 

h^o h 
whenever ip satisfies (13. 113)) and (13. 114ft and that 

J^(v,-) dQM o W n >~ v - J ^-(v, ■ ) dQf, m > o 

= / ■ ) dQ™ o W — - lim / 1>(v + h,-) -1>(v,-) dQ{m) o 
dv J v h^o J h 

= lim i ^ V(w + /i, ■ ) rfQl m) o W n '- V ~ h - J ip{v + h, ■ ) dQ^ o W n '- V ^j 
= lim i ^ if>(v, ■ ) dQl m) o H /n '-^ fe - J ip{v, ■ ) rfQ^ m) o W n ^ 

+ lim / ^ + h,-) -^(v,-) d Q(m) ^n,-,-, 

/wo J h 

- lim / ^ + ^-)~^-) d g(m) Q ^n,-, 

h-+o J h " 

= Inn i ^ • ) ^Ql m) o W n '~ v ~ h - y • ) dQ^ o W n '-"J 
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m{Wr V ) ^ 



+ (e,V diWo (A nj o-Y n ^(W n >- v ))) dQ^oW n <~\ ve[0,t], 

the last line by ( 13. 1 13j) of the present step and (13.1 . In addition, let us require that the 
subsequent condition on if) is satisfied. 



ov 



dv E L\Q,Q 



( m ) N 



(3.115) 



Now the last equation has an integral version 

J ^(v, ■ ) dQ^ o W n '- V - J V(0, • ) rfg^ - ^ y ^((7, • ) dQM o W^ n '- CT rfa 

'Vm(iy o n '" c 



cr=0 



m(W ( 



(3.116) 

f G [0,t). Let \l/(f, •) G B b (fl, J 7 ^), v E [0,t]. Until further specification, assume that the 
function 



exp <^ / *(cr, -Ig, we[0,t] 



<7=0 



(3.117) 



is for any G E and c > a function satisfying ( 13 . 1 1 3 f) - ( T3 . 1 1 5f) . Thus satisfies also 

(13TT6|) . We obtain from (l3~TT6|) 

•)^l m) °W /n *""-Ql m) (G') 

^0, ■ ) rfQl m) o r-" - / ^(o, • ) dQ^ 

#r, •)• (W, •)- 



(7=0 



m(WS 



n,—a\ ' 



^*n. -a Y n a 



e, V d , Wo (i„, - K,o) (W"'-*) }^ J rfQl m ) o dcr , « e [0, *] . 

(3.118) 

The following observation is a consequence of the law of iterated logarithm and elemen- 
tary geometric properties of piecewise linear functions with equidistant linearity intervals. 
For every v E [0, t) \ {z ■ t/2 m + t/2 m+1 : z E Z} and every W EVt with 

1 . . 
lim -log \W z . t / 2 m\ = 

zSZ 

there exists exactly one V E {{n m U). +v : U E Q} with V s = W s for all s E {z-t/2 m : z G Z}, 
which also means that ir m W = 7r m V, such that 



lim - log V, 



z — >±oo 5; 



0. 
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In this notation we shall write V = n m . v W. Recalling W n ' v = W.~ v + (A- v — Y- v ) 1 it is 
obvious that 



qH W n,-v ( y e r nmvW . W e m . lim I log \y z 

\ z— >±oo 2 
\ zGZ 



=1, «e [o,t]. 



In other words, with o iy n> 11 denoting the expectation with respect to the measure 
Q(™) o W n ~ v , v G [0, £], and C J 7 being the a-algebra generated by n m , it holds that 

E {m) oW n,-v (£|jrM) =^o7r m; ,, ^GL^^Q^oiy"—), (3.119) 
d£ [0, t] \ {z ■ t/2 m + t/2 m+1 : z G Z}. Furthermore, for the same t> we have 

e o TTm;, = £ , ° ^ n, ~* -a.e. (3.120) 



Next, let us specify in (13. 117)) . For c > we choose 
Vm{W^'- v ) 



and define 



as well as 



+ (e,V diW , (i n ,o-Fn,o) 



* c (v, ■ ) := $ c (v, ■ ) O 7T m;u 



■0c (-u, ■ ) := exp <j / ^ c (a, • ) da > ■ X 

'a=0 



A C 



(3.121) 



(3.122) 



v G [0, t]\{z- t/2 m + t/2 m+1 : z G Z}. By ( 13.1 19)) we see that ^ c has in particular the form 
of tp in ( 13. 1 1 71) . We observe that 



if> c (v, • ) = exp <^ / $ c (cr, ■ ) da \ o n m . v ■ Iq 



cr=0 



(3.123) 



v G [0,t] \ {z ■ t/2 m + t/2 m+1 : z G Z}. In order to apply (l3~TT8|) to 4 we have to verify 
(13.113p -f 13.115p . Relation ( 13.1 13p is clear by definition. Relation ( I3.114P is on the one hand 
a consequence of the fact that for k(h) either h or we have 

ip c (v + h, - ) o W n ' v+k{h) - ip c (v, ■ ) o w n ' v+k{h) 



h 



i ^ ^ c (v + a, W n ' v+k{a) ) • exp |y + tf c (<7, iy n ^ +fc ( a )) daj da ■ Ig 
^^-expl^^^^^j-lG Ql m) -a.e. 
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by (13.1211) and ( 13.1221) as well as Lemma I3T41 (i), (v), and (vi). On the other hand, 



m c (v + a, W n ' v+k(a) ) ■ exp <j/ * c ((j, W n ' v+k{a) ) da 



L 1 (n,oi m) ) 



independent of a G (s,s) for some s > 0, v G [0, £] \ {2 • t/2 m + t/2 m+1 : z G Z}, which 
completes the verification of ( I3.114p . The last relation yields also (13. 1 1 5j) for ip c . 

It follows now from ( 13~TT8|) as well as ( 13TT20|) and (13TT23|) that 



^ exp | jT^ $ c (a, • ) da} dQ<™> o W n '~ v - Q^\G) 
= [ i> c {v, • ) dQ^ o W n '~ v - Q [ r\G) 



(7=0 



Vm(lf n '" ff 



m(Wo , i F 

e, V d , Wo (i„, - F„, ) (W n '~ CT ) ) J dQ™ o W n '- ff da 



a-u./ V \ '"(U o ) 

e, V d , Wo (i n , - ^,o) (^ n '- CT ) ) f J rfQl m) o da , (3.124) 

v G [0,t] \ {z ■ t/2 m + t/2 rn+1 : z G Z}. In particular, A3. 1240 together with (13~T2TD means 
that 

y exp |^ $ c (a, • ) da\ dQ^ o < Ql m) (G9 , G G J-M, 

u G [0,t] \ {z • t/2 m + t/2 m+1 : z G Z}. Extending definition ( 13~T2TD to c = oo, monotone 
convergence yields for the same v 

J exp j^T ^(a, ■ ) da} dQ™ o W n '~ v < Q^{G) , G G F (m) . (3.125) 

Plugging (I3.123P into (I3.124p . taking into consideration ( I3.120p . and plugging then ( I3.125P 
into ( I3.124p we obtain 

< Q { : i \G) - J exp ■ ) da} dQ™ o W n '~ v 



< 



f [ exp ( f $ c ( u , -)du\- ( $oo(a, • ) - $ c (or, ■ )) dgM o W^-'do- 

a=0JG VJu=0 J V / 

y"exp|y ^($oo(m, •) -$ c (u, •)) Vc) dwj x 

x^-j-^.jjVc) dQ^da 
i £( ex p{/" (( $ «»( <7 ' •)) Vc) daj-lj dQl m >, GGJW, (3.126) 
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v G [0,t] \ {z ■ t/2 m + t/2 m+1 : z G Z}. Letting c oo in ( 13326]) and recalling (1XT251) . it 
follows again by monotone convergence that for such v 

J exp j jT . ) d£r J d QM o W n '^ = gl m) (G) , G G ^ m) . 



Noting that 



" / Vm(X n ,- ff -y n ,_ g ) _ 

cr=0 \ " L \.^ x n,-a in -a) / p 

= logm (X ni „ - Y UjV ) - \ogm(X nfi - F„, i0 ) 



is path wise just a Lebesgue-Stieltjes integral with no jumps in the integrator and recalling 
X n fl — Y U: q = Wo + A n> o — Y n fl = Wo and Lemma 13.41 (v), we have shown that on J 7 ^) 
the Radon-Nikodym derivative dQ^ o W n ~"/dQ^ > exists and that it coincides with 



(m) 



dQ^ o W n ' 



dQ 



(m) 



exp 



$oo(cr, • ) da 



exp 



(T=0 

Vm(x n _ g - y w _ g ) 

rr o \ m (X n ^ a — Y n ^ a ) 



, X n a - Y n a ) da)- x 



x exp 



cr=0 



m(W ) 
m(Wo) 

m(W ) 



• exp 



j- y (e, (log e + V dj w (Ai -a - K ,-<t) ) ) F da J 



•exp|{|e,log e + V d)Wo (A n _„ - Y n _ v ) J J 



n-d 



— u 



Ql m) -a.e., u G [0,t] \ {2 • t/2 m + t/2 m+1 : z G Z}. Recall also (13TTT2D . 

S'tep 5 Now we are interested in the weak limit lim^oo u;„ m l v Q^ on (fi, J 7 ^), t> G [0,i] \ 
{2 • t/2 m + t/2 m+1 : z G Z}. By Lemma E31 (iv), (c), and' (a) together with the fact that 
Y,X jump for fixed v only on a Q^-zero set, cf. conditions (2) and (3) of Section 1, the 
boundedness and continuity of the density m, and again A n0 = Y n , we have 



1. (m) 1. TTtf-^Tj ^n, • r) 

hm ; „ = lrm — — 

n->oo 7i-s>oo m^WoJ 

n-d 



n-d 

Y n .— V ) 

i=i 



m(X_„ - 1%) i-rl 



i=l 



(3.127) 



Q^-a.e. on (fl, J 7 ^); recall also Remark (3) of this section. Let us turn to test functions 
tp of the form tp(W) = f(W tl ,...,W u ) where / G C b (F l ), and G {z • t/2 m : z G Z}, 
i G {1, ...,/}, Z G N. For v G [0,t] \ {z ■ t/2 m + t/2 m+1 : z G Z} we have 
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= J <p(W v )Q^(dW) 
= J <p (W. +v + (A v - Y v )l) Q[ m \dW) 
= lim [if (W. +v + (An !V - Y U;V )l) Q^\dW) 

n— 'too J 

= lim ftp dQ™ o W n '~ v 

n— >oo J ' 

= lim / <p U ™, dQ™ 

n— >oa J 

/nd 
(pm(X n v - Y n v ) ■ TT e + V dtWo A n _ v - V dtWo Y, 
i 

i=l 

" /,/(.V , - v * "" / 



= <p- 



m(W ) 



Yl\e + V dtWo A 



dQ 



i=i 



where the limit lim^oo in the fourth line is a consequence of Lemma 13 .41 (a) together with the 
fact that A, Y jump for fixed v only on a Q^-zero set, cf. conditions (2) and (3) of Section 1. 
The last line follows from fl3TT27j) and LemmaE3](c). For v e [0, t]\{z-t/2 m +t/2 m+1 : z E Z} 
we have shown 



to 



(m) 



(W) :-. 



dQM o W~ v m(X_ v - Y_ v ] 



nd 



(m) 



n \e + V d , Wo A -v — Vd,w Y-v \ . (3.12£ 



i=i 



on (O, J 7 *" 1 )). In the remainder of this step we show that ( I3.128P holds also for negative 
v. To do so we still let v > and take a look on w-^W™). We also recall Lemma 13.41 
(vi), Lemma [3.41 (a) and (c), as well as conditions 2 (i) and (4) (i) of Section 1 and obtain 
Qi m) -a.e. 



n-d 



w 0. )(in = . jj L + Vw ^ r) _ w _<„. 



/// 



8=1 



m(W o) 
m(W 



^ • exp {(e,log |e + V d , Wo A_ v (W v ) - V d , Wo Y_ v (W v ) | } J 



lim 

n— >-oo 

lim 

n— >oo 



lim 



m (W 



m(W r 
m (W 



^ ■ exp {(e, log |e + V d>Wo A n ^ v (W n ' v ) - V d , Wo Y n ^ v (W n ' v )\) J^j 



m(W { 



m(W ) 



n,v\ ' eX P 



s=0 



e. (lo 



n-i>oo \m(WQ ,v ) 



■ exp 



lim 

n—too 



m(W ) 
m(Wc 



riJV ex P 



x c (W n '")) 
e,V djl y ((i n)0 -y„ !0 ) (^- s )) X 

e, V diWo f i n , - ^.o) (W n >-1) r/.soT [-" '■ 



s=0 



rfs o W n >" 
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Inn ( m !^°] • exp 



Performing similar calculations, now the other way around, we obtain 
dQ^ o W v 1 



dQ^ u { ™\W v ) 
= hm — • exp 

n-»oo y m (Wo) 

hm ( ■ exp 



m(W ) 
m(W n n 



s=0 



s=0 



e,V d , Wo (A nfi -Y nfi )(W n >- s )) ds 



e, lo 



n->oo \ m (Wo j 



exp | ^e, log 



f/,S 



— — — - exp He, log 
m (vto) L \ 

m (wb) A A I + d ' Wo v ~ d ' Wo " 



8=1 



This implies that relation ( 13. 128ft holds also for v < 0. 

^ In this step we will prepare the verification of the conditions of Theorem 12.11 

Let us consider the Levy-Ciesielsky construction of the process W s = rj + YliLid ' 
f Q s Hi(u) du, s6l, with independent iV(0, /^-distributed random variables £1,^2, • • • and 77 
being an F-valued random variable with distribution v independent of £1, £2, • • • • We recall 
that the right-hand side converges Q„-a.e. uniformly in s on compact subsets of M. and that 
£j = (Hi, dW) L 2, i 6 N, and 77 = W . In Subsection 2.1 we had introduced the projection of 
W to the linear span of 

l J Hi{u) du, e j ■ 1 : i G J(m), j G {1, . . . , n • d} j 

by considering the process W under the measure . 

For a path W G Q with W s = y + Xli=i x « ' Jo s G M, we will use the identifi- 

cations 



Q v {dW) = QAV^ dy, {& Edxi-.iE N}) 



and for 



W {m) 



v+ y2 / H i( u ) du i s 



i£ J(m) 



we shall write 



QM(dWW) = Q„ (77 G dy, G : i G J(m)}) 
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Define := A(W^) and := Y(W^). Let i G N and %' = are related by 
ifj/ = Hi(- + £). Note that i — >• z' is a bijection of type N — > N or J(m) — > J(m). It follows 
from the Levy-Ciesielsky construction of the path W G Q that 

Z t (W) := W.- t + (a™ - Y^ ] ) 1 

= L + A ^ - Y™) I+J2 Xi . Hi(u) du 



= (rj + A™ I +^2* ■ / Hi(u)du. (3.129) 

Similarly, we obtain 

w (m) + J A H_yWj I= (r, + iW-^)l+ £ a* • / (3.130) 
Let us demonstrate that (I3TT29D implies that W -> W._ t + - ^i?) I 

is an injection 

with 

Qu {{W.-t + (a<J - Y™\ l:^efi})=l. (3.131) 

To begin with let us verify injectivity. Given Z, the values of Xi, % G M, are uniquely 
determined by the linear combination Z — Z 1 = x v ' Jo ^i( u ) du and the bijectivity of 
i — > %' . It remains to demonstrate that for given x,-, i G N, and 77 + A^ - Y^\ the value of 
1] is unique. Because of fl3TT30l the term + (a^ - Y^A 1 is now given and therefore 

x.^ t {w^) = u (w { ™ ] + (a™ - Y[f) i) = (w^y 1 + a ((w^y 1 ) 

is given as well, cf. condition (3) of Section 1. By the injectivity of the map u, cf. Sub- 
section 1.2, we get Y^ ] = Y_ t (W^) = A (^(W^) uniquely. Furthermore, we get 

X (W^) = W^ + A^ and again by the injectivity of the map u this yields A^ uniquely. 
This shows finally that rj is unique. Therefore, W -> W._ t + (a { ™ ] - Y^ 1 is an injection. 
From W { H$ = (iy._i) (m) and <p = 1 in flSTTTOj) we obtain 

qh + - Y^ } ) l:Wen\\ = l. 

Together with (13.1291) . (13.1301) . and the independence of A^ of £j, i G" J(m), this means 

i = qn ({w<!? + (aL? - 1 : W G n}) • g„ ({6 ei:^ J(m)}) 

= Q„ ({W-t + (J& - Y^ ] ) 1 : W G fl}) 

which is ( 13.1311) . The flow property of P^ 1 ", verified in Remark (3) of Section 1 implies 

that W — > W.-t + (A-t — Y- t ) 1 = W~ l is an injection. Let us also demonstrate that 

Q v ({W.^t + (A- t - y_ t ) 1 : W G fi}) = 1 . (3. 132) 
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By ( 13.1311) . for Q„-a..e. V £ Q and every m G N, there is a p(m, V) G F such that with 
W(m, V) := V. +t + (p(m, V) - 14)1, -4 (m) = A^(W(m, V)), and y( m ) = Y^ m \W(m, V)) we 
have W {m, V) G £> n and 

V = W.. t (m, V) + (a™ - Y^ ] ) 1. 

In particular, we have p(m, V) = Wo(m, V) G -D n . We also recall that by the conventions 
of Subsection 2.1 D is bounded. Therefore we may choose an accumulation point p of the 
sequence p(m,V), m G N, and a subsequence p(rrik,V), k G N, with p(m/-,V) ^> p. In 
other words, W(m k ; V) ^> IU := l/ +t + (p - 14)1 By the hypothesis that A_ t - Yl t 
jumps only on a set of Q„-measure zero in condition (2) of Section 1 and by condition (4) (i) 
this implies A^™^ — Y^ k ^ ^> A_ t — Y_ t . We have shown that for Q v -a,.e. V G Vt there 
exist a W G Q, namely W = V. +t + (p — 14)1 = 14 +i + lim^oo (p(rrik, V) — 14)1, such that 

v = w_ t + (A_ t -y_ t )i 

which is an equivalent formulation of f)3.132p . 

As a further preparation for the next step we mention that because of the injectivity of 
W —> W.-t + (A-t — Y-f) 1 for Q„-a.e. V G Q there is just one accumulation point of the 
sequence p(m, V), m G N, i. e., the limit p = lim m ^oo p(m, V) is well-defined. 

Step 5 We shall verify conditions (i) and (iii) of Theorem 12.11 and establish the limit 

, im s lim ^° ({<"')- 

in Q„). In the context of Theorem 12 .11 let M := Q and p := Q u . By the result of Step 

4 we can introduce /„ = and / for Q„-a.e. W G f2 implicitly by their inverse functions 

f-\W) :=W.- t + (A- t -Y- t )l, 

(3.133) 

/„- 1 w = (/ (m) ) _1 W : = ^ + - I. 

where we stress that from here onnGff has a different meaning than in Steps 1-3. Using 
the notation of Step 4 we have for Q^-a.e. V G ft 

f(V) = V +t + (p-V t )l, 
f n (V) = = K +t + (p(m, 1/) - 14)1- 

and 

/n(^) ^ /(V), 

i. e., we have condition (iii) of Theorem 12. II 

Let W G Q with W s = y + J2Zi x i ' Jo H i( u ) du ' s eR - From ( ES3} we obtain 

/»w =w._ t +(i45 ) -KSr ) )i 

= (iy._ t ) (m) + [a^ - y^ ] ) i+ (w_t - (w_ t ) (m) ) . 
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From this and the fact that A { ™ } = A_ t (W {m) ) as well as = Y_ t (W (m) ) are by definition 
independent of i £ J(m), we conclude that Q v o f^ 1 factorizes into 

dQ v o f~\W) = Q v (df-\W)) 

= Ql m) (d (pV-t) (m) + (4? - Y-? ] ) l)) x Q» (6 e da* : i £ J(m)) . (3.134) 

Let us recall that (W._ t )^ = and therefore dQ^ o f~ l (W) = (df-^W)) = 

(d ((W_ t ) (m) + (AL7 ) - Vi? ) *))■ For e we obtain by using fl3TT3^j) 



(m) 



(PF (m) ) 



Ql m ) ( d ((W._ t )M + ( A<T 



|(m) 



(m) 



-t 



QW (d ((W_i) {m) + (Aty - KS ) l)) • Q„ (6 e : i t J{m)) 

Q„ (d (V-* + (a5> - Y™) l) 



J(m)) 



dQ u 



Qv (dW) 
(W). 



(3.135) 



We get immediately condition (i) of Theorem 12.11 Next recall conditions (1) (iv) and (4) 
(i) of Section 1. Furthermore, take into consideration that X-t, A-t, Y-t jump only on a set 
of Q^-measure zero, cf. conditions (2) and (3) of Section 1, that the density m is bounded 
and continuous, and that A^(-D n ) < oo by the boundedness of D. Using the result of Step 
3, namely (I3.128p . relation (13. 135^ shows now that 



lim 

n— >oo 



dQ v o f~ 
dQ„ 



lim 

m— >oo 

m(X_ 



m(X. 



Y_ 



n-d 



m(W 
Y-t) 



J] e + V a 



w A- t 



Vd,w Y-t 



O 7T r , 



i=l 



n-d 



m(W ) 



J] e + V 



d,W A-t 



' 'd,W Y-t 



i=l 



(3.136) 



in L 1 (f2, Q v ) where m — > oo in the second line refers to the projection ir m , not to the density 



m. 



After having verified condition (ii) of Theorem 12.11 relation (13.136!) will yield ( 11.1ft . 

Step 6 We verify condition (ii) of Theorem 12.11 For this, we have to demonstrate that the 
sequence of densities dfi o /~ 1 /d/i, n e N, is uniformly integrable. By (13. 128ft and ( 13.135ft 
this means that we have to verify uniform integrability with respect to Q v of the terms 



dQ v o f n 
dQ^ 



-i 



m(X_ t - Y_ t 



n-d 



m(W ) 



II e + V 



w A-t 



Vd,woY-t 



O 7T r/ 



i=l 



< 



\m\\ 
m(W 



n-d 



■ sup Y[ e + V 



d,W 



Vd,w Y-t 



O TTr. 



1=1 
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where the right-hand side is in L 1 (f2,Q 1 ,) by condition (1) (iv) of Section 1. We have thus 
verified the uniform integrability with respect to Q u of the sequence dQ u o f^ 1 /dQ v , n G N. 



□ 



4 Partial Integration 



Let us assume (l)-(5) of Section 1. Then for t G R we have according to Theorem 1 1 . 1 1 1 and 
Corollary [Lia 



P-t(X) 



P^dX) 
m(X_ t -Y_ t ou- 1 ) n - d 



rn 



to 1 ) 



J~J e + V d , Wo A_ t o u 1 - V d ,w Q Y-t ° u 



i=l 



In contrast to the previous sections, where /x was used as a part of the symbol P^ = 
Q v o u^ 1 , we give /J, now a meaning by fi(A) := P^Xq G A), A G B(F). For x G -D™, let -Ej, 
denote the expectation relative to P x := P M ( • |X = a;) and let £^ denote the expectation 
relative to P^. In addition to condition (4) (i) of Section 1 we may formulate the following 
condition. 

(6) For all W G Q, the jump times for V 'd,w A(W) and V ' d,w Y '(W) are a SUDse t of 
{r k (u(W))=r k (X):keZ\{0}}. 

We may also assume that 
(7) 

^EC b (D n ) and ^>0. 
dv dv 

We recall that, by condition (2) (i) of Section 1, for any fixed s£R and A^-a.e. x G D n , 
A 2 S o m -1 jumps only on a P x -zero set. As a consequence of this and conditions (6) and (7) 
as well as conditions (1) (iv) and (4) (i) of Section 1 we obtain 



x . m P^x t edx) 



40 P„(X G dx) 
boundedly for A G D n . Let us set 



lim J p_ t (X)P x (dX) = l 



(4.1) 



r_ t (X,x) := £ x 
= K. 



m (Wq* o n- 1 ) f 



m (u x ) 
PMX-t 



\\ |e + V d)Wo ^-t ° m 1 - Vd,w o y_* ° ^ 
x G £> n , t G R. 



i=l 

X-t, X = x 



(4.2) 



Moreover, for x G -D n , let E t x be the expectation relative to P^( ■ \X t = x) . Let -D(A) and 
denote the set of / G L 2 (F, /x) for which, respectively, the limit 

A/ := lim i (£./(X t ) - /) and A*/ := - lim - (E t J(X ) - f) 
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exists in L 2 (F, //). 

Let us write (■ , • ) fJ , and || ■ || M for the inner product and the norm in L 2 (F,/j,). For 
F = W n - d and / = (/i,..., G C 1 ^; F) let V^/ := (§£, . . . , g£*). 

Furthermore, let C 1 ' 1 (R x D n ;F) denote the space of all functions a = a(s,x), s G R, 
x G I>, for which a, a' = (da)/(ds), V diX a, (V^a)' G C(RxF;F). It follows that 
V^(a') eC(lxF;F) and that V^(a') = {V d>x a)'. 

In the remainder of this section we will use the letter Z to abbreviate A — Z. This also 
means that, for example, we write Vd,w Z-t ° u ~ 1 f° r ^ d,w ^-t ° M 1 — V^Wo^-* ° M 1 an d 
V d:Wo Z' o m- 1 for Vd.wb-^o ° ~ ^d,Wo Y o ° 

Now we are able to state and prove the L 2 -version of the integration by parts theorem. 

Theorem 4.1 Suppose that the hypotheses of Theorem \l.ll\ and Corollary \ 1.1 OA as well as 
conditions (6) and (7) of this section are satisfied. In addition, assume the following. 

(i) The derivative 

r* :=\im- t (E.r. t (X,.)-l) 

exists in L 2 (F, fi). 

(a) Then for f G D(A) and g G D(A*) n B b (D n ), we have 

(Af J g}^ + (f,A*g}^=(f,r*-g}^. 

(b) Let, in addition to (i), 
(ii) the limit 

B*m := - lim - [E.m (Wq* o u^ 1 ) - m) 

exists in L 2 (D n , Xp) and 

(iii) A = A S (W - W Q , W Q ) G C 1 ' 1 (R x W; F) Q x -a.e. and, for the restriction of V ' d ,w A 
to [-1,0], V d , Wo A' G L°° (n,Q x ;C b ([-l,0];F)) for a.e. x G D n , and the same for Y 

then 

r* = -— - E. (e, V d , Wo Z' o u' 1 ) . 
m 

Proof, (a) By (EQ) and condition (i) we have for g G D(A*) fl B b (D") 
^\[J 9 {X_ t ).r^X,) d P.-g 

= lim 1 1 (<?(X_ f ) - ■ r_ t (X, •) dP. + lim ± / • (r_ t (X, •) - 1) dP. 



limi/(,(X_ f )-,).^ 



(dX) 



X_ f ,X = • )dP. + r*-g 



X_i,X = ■ dP. + r*-<? 



Ii- g / ( 9 (X ) - g) P M X\X t = ■) ^|||^) + r* • , 

-A*(/ + r*-(/ inL 2 (F,/x). (4.3) 
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Keeping ( 14.21) and (14.31) in mind, the following chain of equations is now self-explaining. It 
holds for / G D(A) and g G D(A*) n B b (D n ) that 

(Af, 9 )„ E.f(X t ),g 
~~ dt 



t=o 
1 



lim 

40 t 

lim - 

40 t 



dt 

UL t=() 

f(X t )g{X )dP,-{f,g}„ 

f(X )g(X_ t )P„{dX._ t )-{f,g)„ 
P„(dX-t 



^][Jf(X )g(X- t )-E. 



lim- / /(X ) ( p(X_t) • 



lim^ J f(x) (^J g(X_ t ) ■ r_ t (X,x) dP x - g(x)J n{dx 
-(f,A*g)„ + (f,r*-g) u . 



X. u X j dP.-(f,g). 

X-t,Xo) -9(Xo)) dP„ 
X- t , Xq = x ) dP x - g(x) ) fj,(dx) 



(4.4) 



We obtain part (a). 

(b) By (14. 2p and (ii) and (iii) of the present theorem there is a sequence t n > 0, n G N, with 



t n such that ^-a.e. 

r_ tn (X, •) - I\ , B*m 



E. 



rn 



+ E. (e, Vd,w Z'o o u 1 ) J 



m (W tn o v,' 1 ) 



m(u 



i 



] [ e + V^wb^-tn ° u 1 



i=i 



+ + E. (e, Vd,w ^o ° u ~ l ), 

m 1 



< 



-E. 



(W 



in (II,, " ott x ) ' "'" 



7711 It, 



o 1 : 



,i=l 



+£.(e,V fW) Zo OM ~ 1 ) J 







+ 







m (W tn o tr 1 ) 



B*m 



m\u, 



o 



77? 



0. 



Part (b) is now a consequence of condition (i) of this theorem. 



□ 



Let us turn to the weak version of the integration by parts theorem. For this, let D(A W ) 
denote the set of all / G Cb(D n ) for which the limit 



A w f(g) := lim ~ J g (E.f(X t ) - f) d» 
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exists for all g G Cb(D n ). Furthermore, let D(A* W ) be the set of all g G Cb(D n ) for which 
the limit 



exists for all / G Cb(D n ) such that A* w g is a bounded linear functional on C(D n ). Let us 
recall conditions (1) (iv) and (3) (iii) of Section 1 and introduce the following condition. 

(8) We have sup |V ( 2,w -Z'_i(W)| < 1 where | ■ | refers to the maximal coordinate wise 
absolute value and the supremum is taken over all W G \J m {^ m V '■ V G Q} and 



and thus also Q\ F -&.e., t G [0, 1]. 

Theorem 4.2 Suppose that the hypotheses of Theorem \l.ll\ and Corollary \1.13\ as well as 
conditions (6)- (8) of this section are satisfied, 
(a) In addition, assume the following. 

(iv) The limit 




(4.5) 



te [0,1]. 



By conditions 2 (i) and (4) (i) of Section 1 we obtain in a coordinate wise way 



log (e + V d ,w Z- t ) = log |e + V d ,w z -t 



Qj,-a.e. 




exists for all h G Cb(D n ). 



Then for f G D(A W ) and g G D(A* W ) we have 



A w f(g) + A* w g(f) 



rUf9) ■ 



(b) Assume the following, 
(v) The limit 




exists for all h G Cb(D n ). 



(vi) 




(vii) The limit 




exists for all h G Cb(D n ). 
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(viii) For all g G M. n ' d with max 3 - e {i j .„ )n . £ g. |gj| < 1 and all h G Cb(D n ) there exists dh > 
sitc/i t/iai /or all k > 1 and t G [0, 1], 



J hE. ((g.V^Z^on- 1 )^ rfx 



< d h t k 



Then we have (iv) and 



r* w (h) = -B* w m(h) - e* w (h) , heC b {D n ). 

Proof, (a) We modify the proof of Theorem 14.11 (a). By (14.11) and (iv) we verify the weak 
version of (14. 3ft . 



lim - J f (J g(X- t ) ■ r- t (X, ■) dP. - gj d» 

= \im- t Jf(J (</(X_ t ) - g) • r_ t (X, •) dPA d» 




+ lim- // / g - (r- t (X, •) - 1) dP. dfj, 



limi f f(x) (E t>x g(X ) - g(x)) 
r* w (fg)-A* w g(f), 



P^Xt G dx) 
G dx) 



H(dx) + r* w (f g) 



for / G D(A W ) and o G D{A* W ). Anything else is now as in (14.41) . 

(b) Let h G Cb{D n ). By the above condition (8) and assumptions (vii) and (viii) it turns 
out that 



O U 



1 dfj, 



mo 



(4.6) 



Recalling condition (8) and that, by the above condition (7) it holds that dfx/dv G Cb(D r 
we obtain by (vi) and (viii) 



1 I KX ) 



m 



(W ~ 



ton- 1 ) 



' n-d 



i ■ n e+ v ^w z- t ou- 1 



< j j (m (W -* o u- 1 ) - m(u x )) 2 rfP AF x 



o u 



1 dP : 



40 



0. 



(4.7) 



It follows now from (14. 6 j) and (14. 7p that 

-t ..—IN / 



lim- / frK 

40 £ 



m (W 'ow ') 



t ° w 



-i 



1 \\ dp 
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» / ri-d 



o u 



-1 



+ lim- / ft l, V ° ^ - I 



l) d/x 

' nd 

nh+v 



K i=l 



1 dP„ 



(4.8) 



Recalling (14.21) and condition (v) we obtain from ( 14.8[) 

- e* w (h) = lim-y fcE. f — L_L_ > _ 1 ] 

+ lim T / /i-E. ( — ^ 1 I J] e + Vd,w Z- t o u- 1 



vi=l 



= lim - I h (E.r- t (X, •) - 1) dfi 

= r;(/i), ^ap n ). 

Let C be the set of all / £ C b (D n ) such that for all g £ D(A W ) the limit 
J2(/, g) := lim i | (f(X t ) - f(X )) (g(X t ) - g(X )) dP. 



□ 



exists. Denote by D(A* w: C) the set of all g £ Cb(D n ) for which the limit (14. 5 j) exists for all 

/eC. 



Proposition 4.3 Suppose that the hypotheses of Theorem \l.ll\ and Corollary \1.13\ as well 
as conditions (6)-(8) of this section are satisfied. 

(a) Furthermore assume (v) and (viii) of Theorem \4-2\ and the following. 

(ix) h — > B^m(h) is a bounded linear functional on C(D n ). 

It holds that D(A W ) C D(A* W ,C)- For f £ C and g £ D(A W ) we have 

A* w g(f) = A w g(f) + R(f,g). 

(b) Assume in addition that 

(x) the process Y is constant zero or, equivalently, Xq = Wq 
and m £ D(A W ). 

Then for all h £ Cb(D n ) such that h/m £ C we have m £ .D(A* ,C) and 



B^mlh) = A* w m(h/m) = A w m(h/m) + R(h/m, m) 
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Proof, (a) By (6) and (7) as well as its consequences outlined in the beginning of this section, 
we have 

PMt E ^ E tM X ) - g{x)) = % d f\ E t , x (g(X ) - g(X t )) 



P.(X e dx) 

= E x (g(X-t) - g(X )) 



P^Xq e dx) 



+ J (g(X- t ) - g(X ))(p- t (X) - 1) P x (dX) 

E x (g(X-t) ~ 9{X )) + J (g(X„ t ) - g(X )) (m (W ~* o u' 1 ) x 



n-d 



X 



II e + V d,w Z-t o u- 1 - m{x) P x (dX) 



i=l 





(4.9) 



for g e C b {D n ) and A F -a.e. x e D n . Let f,g e C b {D n ). We have also 
- t J f(E tr g(X )-g) (Ep„ t -l)dp 



- / f(E t> .g(X )-g).E 



{W 



id ( W " o u x ) 



n-d 



m 



\\ e + V d , Wo Z- 



t ° u 



1 dn 



, m (Wn * o u x ) — m 
f (E t ,g(X Q ) -g)-E\ K . 1 | dx 



J f(E ti .g(X )-g)x 



, in (W n 'on x ) — m f^r I 
xE. { — — >- ( II \e + ^d,w Z. 



t 



-t.OU 



I \\dx 



« - I n-d 

+ jf (E t ,.g(X Q ) -9)-j\E.J[\e + V d , Wo Z 



i dn 



T 1 (t)+T 2 (t)+T 3 (t). 



(4.10) 



Now we take into consideration that because of (14.91) we have \im. t io(E ti ,g(Xo) — g) = 
Air-a.e. on D n . With this, T\{t) converges to zero as 1 j. by (ix) of the present proposition. 
Let us focus on T 2 (t). Taking into consideration condition (8) of this section, we get 



(T 2 (i)) 2 < J f 2 (E tr g(X ) - gf dx x 



x E 



m {W Q 1 o u x ) — m 



' n-d 



J~| e + V d ,w Z-t ° u 1 



dx 



< J ' f 2 (E t ,.g(X ) - g) 2 dx x 



vi=l 
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x / E. 



in (W * o u' 1 ) 



rn 



' n-d 



■E. Yl\e + V d , Wo Z 



-t.OU 



- 1 dx 



< 4||m| 



f (E t ,g(X ) - gf dx) x 



x 



o u 



1 dfJL 



0. 



the limit in the last line is a consequence of ( 14. lh , ( 14.9}) and condition ( viii) of Theorem 14.21 
For T 3 (t), we recall condition (7) of this section. Relations ( 14. ip . ( 14. 9 p and assumption (viii) 
of Theorem 14.21 show also here that 

(T 3 (t)) 2 < J f (E tj .g(X ) - gf dp x 

From (I4.10p we get now 

lim - [ f {E tr g{X ) - g) (E.p. t - 1) dp = , /, <? G C 6 p" 

Furthermore, it holds that 

P„(X t e dx) = E^ (p_ t \ X = x) ■ p(dx) = E x p_ t ■ fi(dx) . 
We get with this 



-lim - / f(E t; .g(X )-g) dp 



lim IJf (E tj .g(X ) - g) E.p. t dp 



+ lim - / / (E t> .g(X ) - g) (E.p_ t - 1) dp 
- lim - [ fE t> . (g(X ) - g) dP.(X t e • ) 
-hmi y f(X t )(g(X )-g(X t ))dP. 



lim- y /(Xo)(^(X t )-^(Xo))dP, 

+ lim - y (/(X t ) - f(X )) (g(X t ) - g(X )) dP„ 

A w g(f)+R{f,g), feC, g e D(A W ). 



(4.11) 



We obtain g e £>(A* ,C) as well as A£</(/) = A w g(f) + R(f,g). 



108 



(b) By (x) and the definition of D(A W ) we have m G Cl(D n ) and by (v) it holds that 

B* w m{h) = -lim- / — (Km(I_ f ) - m) p(dx) 
1 f h{X ) 



lim - . 

40 t J m(X ) 

1 f h(X ) 



— lim - 



40 t J m(X ) 



(m(X_ t ) - m(X )) dP„ 
{m(X. t )-m{X ))p. t {X)dP lt 



y 1 f H X > 
— lim - 



— lim 



40 t J m(X ) 
1 f h(X t ) 



40 t J m(X t ) 
1 f h(X ) 



[,) (m(X_ t ) - m(X )) (1 - p_ t (X)) dP. 
m(X Q )-m(X t )) dP„ 



— lim 



(m(X_ t ) - m(X )) (1 - p_ t (X)) dP„ (4.12) 



40 t J m(X ) 

for all h G C fe (P n ) such that /i/m G C 6 (P> n ). The last line of ffl~l~2]) is zero, by 
' / / ' (A " ) (m(X_ t )-m(X ))(I-p_ t (X))dP <i 



t 7 m(X ; 

i y ^(X 



t 7 m(X, 



(m(X_ t ) - m(X )) (m(X ) - m(X ) p_ t (X)) dP Aj 



< 



< 



/? 

m 
/i 
rn 

1 

x- 
i 



((m(X_ f ) - m(X )) 2 rfP AF • J 



((m(X_ t ) - m(X„)) dP AF x 
m(X ) — m 



m(X )-m(X )p_ t (X)) 2 ciP Aj 



n-d \ ' 

(X_ t ).n|e + V d ,^- t o.-| 
i=i 7 



dP 



Af tj.o 



as well as condition (8) of this section and hypotheses (vi) and (viii) of Theorem 14.21 Com- 
paring the second last line of f)4.12p with (14. lip it turns out that 

B^m(h) = A w m(h/m) + R(h/m,m) = A* w m{h/m) 

if m G D(A W ) and h/m G C which implies m G D(A* wl C). □ 



5 Relative Compactness of Particle Systems 

Let us assume that for all n G N we are given a system consisting of n particles {X", . . . , X™}, 
each of which being a stochastic process with time domain R taking values in D. We consider 
the measure valued stochastic process X given by X™ := ^ Y^i=i ^pf")t> ^ G R. 

In addition, we introduce the n ■ <i-dimensional process X™ = (X") tgK = ((X™) 4 , . . . , 
(X") t ) teR which we assume to be of the form X™ = W n + A n satisfying, for every n G N, 
the hypotheses of Section 1. Furthermore, we suppose that the distribution of X n is in- 
variant under the permutation of the n particles provided that the distribution of Wq = 
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((Wi)o, . . . , (W n )o) is invariant under the permutation of the n <i-dimensional random vari- 
ables {(WxV .., (Wn)o}. _ _ 

Let A4i(D) denote the space of all probability measures on (D,B(D)). Moreover, ab- 
breviate for g G C(D) and fi G M.\(D) the integral J g d\i by and define 

:={F(ji) = <p(( gi ,fi),...,(g k ,ti)), gi ,...,g k eC l {D), ^Q 1 ^), k G Z + } . 

It is our primary goal to formulate conditions in order to verify relative compactness of 
the family F(X n ) = (F(X?)) t > , F G C^M^D)), n G N. To derive relative compactness 
of the family X n = (X") t > , n G N, from this is then standard. 

As in Section 4, we use the symbol Z = Z n to abbreviate A — Y = A n — Y n . Referring 
to the number of particles, here we also use the notation A n = (A 1 )™ + (A 2 ) n . In contrast to 
Section 4, where we considered X the given process, we look in this section at the particle 
systems as at processes constructed from Brownian motion. Therefore we also refer to the 
measures Q v = Q^J and Q. = rather than to and P.. 

Theorem 5.1 For every n G N, let X n be a stochastic process on the probability space 
(Q,( n \ F^ n \ Qi?') satisfying the hypotheses of Theorem ] 1.1 1\ or, respectively, of Theorem ] 1.12\ 
Let m n be as in Corollary \1.13[ In addition to condition (2) (i) of Subsection 1.2 or, 
respectively, condition (ii) of Theorem \1.12\ suppose that for every n G N and Q&'-a.e. 

is equi- continuous on R. Assume the following. 

(i) For all neN, Q^J -almost never two of the particles {X™, . . . , X™} jump at the same 
time. 

(ii) There exists a sequence c n > 0, n G N, such that for all k G N, all j G {1, . . . , n ■ d}, 
all 5 G [0, 1], and all x G D n , 



ess sup sup 
n \te[o,6] 



< cj k 



and lim^o limsup nGN c n (l + 5) n = 0. Here, the ess sup refers to the measure Q^J ■ 
(Hi) Denoting by E^ the expectation with respect to Q^ n \ we have 



limlimsup [ E^ I sup m n (X^ t - Y? t ) - m n {x) 

ngN Jd" Vie [0,6] 



dx = . 



(a) Let F G C 1 (M 1 (D)). The family of stochastic processes F(X n ) = (F(X")) t > 0; n G N, 
is relatively compact with respect to the topology of weak convergence of probability measures 
over the Skorokhod space D[-\\F\\ t \\F\\](M) ■ 

(b) The family of stochastic processes X n = (X") t > , n G N, is relatively compact with 
respect to the topology of weak convergence of probability measures over the Skorokhod space 

Proof. Step 1 Let / G C 1 (D*) be defined by f(x u . . . , x n ) := F (± YS=x <W 

, X\ , . . . , x n fc 

D. In this step we introduce the objects used in Chapter 3 of [5], Theorem 8.6 and Remark 
8.7. 
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We fix n G N and drop the index n from the notation since no ambiguity is possible. Let 
< 5 < 1 and introduce 

7 (*) = ln (5; f) := sup (f(X t+u ) - f(X t )) 2 . 

tm,o<u<s 

Furthermore, set A = [—5,5]. For a G A, let Q a be the collection of all u~ 1 (X) G Q 
satisfying the following. 

(j) There are sequences s m G R and a m 6 R, m G N, with linim^oo a m = a and 
lim (/(X Sm+ , am |) - f(X s j) 2 = sup (f(X t+u ) - f(X t )) 2 =: A . 

m ^°° teR,0<«<5 

(jj) 

sign(a)- lim (f(X Sm+{am{ ) - f(X s J) > . 

m— >oo 

(jjj) If a < there is no pair of sequences s' m G R and a' m G M, m G N, with linim^oo a' m = a 
such that 

KmJf(X s , m+la , nl )-f(X s ,J)>0. 

(jv) 

lim sup (/(X 4m+ | A „|)-/(X 4m )) 2 <A 

m— >oo 

for all sequences t m G R and /3 m 6 K, m G N, with linv^oo/Jm = /3 and < |a|. 

Let £ > 0. Set t(a) := \a\ — e, a G *4, let r a = r a (e) be the random time defined in 
Corollary 1 1.151 an d denote by 1 the function which is constant one. We have the hypotheses 
(i) and (ii) of Corollary 11.151 and obtain 



-]\ n-d 

in I - \ , . i — ) . . i u 1 1 



m (Xi a \ — Yi a \ o u x ) ^-r I -, 
— 7 =TT " • IT e + Vd.wb^-hl ° u 

nm 1-7/1 



m <=i 



K 1 ) 

=:p H «|(X) P,-a.e. (5.1) 
In addition, using the notation of the definition of the sets fl a , we get 

EMS)) = eJ sup {f{X t+u )-f{X t )f 
\tm,o<u<s 



<Ej ]im {f(X Sm+laml )-f(X s J) 2 
= lim EA{f{X Sm+Wm \)-f{X Sm ))'' 

m— >oo \ 

= lim (X ((/(X Sm+|Qm| )) 2 - (/(X S J) 2 ) 
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-2£„ {f(X s J ■ (f(X Sm+laml ) - f(X Sm ))) 

< liminf ( \E„ ((/(X Sm+|Qm| )) 2 - (f(X s J) 2 ) \ 

+2||/||-^|/(X Sm+ | aro |)-/(X s J 
= liminf \E» {U\X Sm+am )f - (/(X S J) 2 ) | 

+2II/H ■ lim E. (sign(a) (/(X Sm+ | am |) - f(X s J) ) 

m— s-oo 

< liminf (|^((/(X Sm )) 2 (p_ r .-l))| 

\ (f( X s m +\a m \)) 2 ~ (f(X Sm+ra )) 2 \ 

+2II/H- lim (^(sign(a)/(X Sm )(p„ T .-l)) 

+2||/|| -^|/(X Sm+ | am |)-/(X Sm+rQ )|) 



We recall r a = |a| — e and (15. ip . Letting e J, we obtain 

(7W) < 3||/|| 2 • E. \p- H (X) - I| + 4||/|| • liminf |/(X Sm+ | Qro |; 



/PCsm + H-) 



For the second item of the right-hand side, we use now limm^oo \a m \ = \a\ and the fact 
that W t + A\ is equi-continuous on t G [s m , s m + |a| + 1], m G N, by Paul Levy's modulus 
of continuity of W and by the equi-continuity of A 1 . Furthermore we pay attention to 
the particular representation of /, f(xi, . . . , x n ) := F Q ^i=i ^rj j x 1 , . . . ,x n G -D where 
= ip {{g x ,n), (g k , fi)), gi, ■ ■ ■ , gu e C X (D), (p G C£(R*), fc G Z+. Also, we take into 
consideration that every jump of X n is P M -a.e. caused by only one of the d- dimensional 
processes X™, . . . , X™, cf. condition (i) of this theorem. Denoting by diam(D) the diameter 
of D we get 



^( 7 (5))<3||/|| 2 -£;Jp _| ,(X)-I| + 



diam(D) 



n 



411/11- ||V^||-^||V^||. (5.2) 



Step 2 We re-add the index n to the notation and note that the density function m depends 
on the number of particles n. In this step we aim to prove 



limlimsup^ n ( 7 n(5)) = 0. 

"4-U 71— >-oo 



(5.3) 



We note that, independent of n G N, we have 
1 



3||F|| 2 sio 



lim lim sup E n (7„(<f)) < lim lim sup E n sup 

5 ±° n^oo n \ t£[0,6] 



F\\. From ( 15. ip and (15. 2p we obtain 
m n (IV^oh- 1 ) 



n— >oo 
)(■(/ 



K+ 



x 



H\e + V d , Wo Z n _ t 



o u 



-i 



8=1 
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= lim lim sup l sup 

"5-1-0 n->oo " \te[0,<5] 

< lim lim sup E^ I sup 

5 4-0 n-5>oo " n \*e[o,<5] 



m n (X T l t -Y? t ) f^i 

7W\ II e + Vd.wb^-t 



m n (X™ 4 -Y_™)-m n (W ) 



- 1 



+ lim lim sup E^ | sup 



m n (Wo) 



x 



Mn (W ) 



x 



' n-d 



+ lim lim sup E^ | sup 



8=1 

n-d 



I] e + V 



-1 



8=1 



= lim lim sup T-[(5) + lim lim sup T^S) + lim lim sup T^(S) . 
Let us take a look at the items of the right-hand side. It holds that 



(5.4) 



T[(S) = / 4») I sup 
' d™ ye[o,<5] 



m n (X™,-Y"J-m n (x) 



dx . 



(5.5) 



T 2 '(5) 



D" 



sup 

te[o,S\ 



< 



Ei n) 



D" 



sup 

te[o,(5] 



(r^K-rj-m,,^)) x 
m n [X n _ t - Y" t ) - m„(x)|J da; x 

n-d 

Y[\e + V d>Wo Z^ 



dx 



x ess sup sup 
n \te[o,8] 



8=1 



(5.6) 



and 



Tg(<5) < ess sup sup 
n \te[o,S] 



n-d 



H\e + V d , Wo Z^ 



1 



i=i 



(5.7) 



We apply the hypotheses (ii) and (iii) of the present proposition to (I5.5l) - (l5.7p . From (15. 4p 
we obtain (15.31) in this way. 

Step 3 We finish the proof of part (a). Let — oo < S < T < oo and < 5 < 1 and let 
(J r ")tgR denote the filtration generated by X n on (— oo,t). For < u < 5 and S < t < T 
we have 

K n ((/W+J - f{K)) 2 \ 7?) < K n Ms) | J?) • 

We get now the claim from (15. 3p . Chapter 3 of [5], Theorem 8.6 and Remark 8.7. 
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Step 4 Part (b) follows now from (a) and Chapter 3 of [5], Theorem 9.1. □ 

The above theorem and the corollary cover particle systems with a certain abstract drift, 
Brownian noise such that the drift may not be adapted, and, for given Brownian trajectory, 
non-random jumps. As discussed in the introduction, the jump mechanism is adopted from 
particle systems approximating Boltzmann type equations. 

The conditions formulated here in order to verify weak compactness of the particle system 
are of abstract character. They may give a guideline in more concrete situations. Conditions 
(i) and (ii) refer to the construction of the particle system. They have to be verified by taking 
into consideration the particular situation. The interesting condition of Theorem 15. II is (iii). 
We are interested in the following simple but fairly instructive example. 

Let Vrf and A^ denote the d- dimensional gradient and Laplace operator. For the sake 
of simplicity, let us suppose that D is of Lebesgue measure one which also means that 
\ n - d (D n ) = X F (D n ) = 1. Choose c G (0, 1) and let Let H = H c be the set of all probability 
measures d(x) dx on (D, 13(D)) such that 

dEC 2 (D) with c < d < c' 1 and \\V d d\\ < cT 1 . (5.8) 



Let v be a probability measure on (M x (D) , B (Mi (D))) such that v \ M\ (D) \H \ = 0. 

We define the measures u n (dx) = m n (x) dx on (D n , B(D n )) and u n (dfi n ) on the set of all 
empirical measure /i n = ± Yh=i x 1 , . . . ,x n e D, by v n (d[i n ) = i> n (dx), x = (x h . . . ,x n ) 



and 



f 1 n 1 
m n (x) := / i u(d^) 

J[i=d(x)dxeH ||«"||2i(D) i=l 

1 ■exp{(log(d),/i n )} v(d(i), nGN. (5.9) 



=d(x)dx£H || d- 11 " 



The following two remarks shall discuss the choice of the initial distribution relative to n G N. 
On the one hand the distribution of a typical individual particle has order d l / n . On the other 
hand, Remark (1) below shows that the overall initial distribution behaves moderately with 
respect to n G N. In addition, Remark (2) below says that even the gradient of the overall 
initial density as well as the generator of the Brownian motion part, applied to the overall 
initial density, behave moderately with respect to n G N. These are important technical 
features. 

Remarks. (1) Since 1 + (\og(d))/n < dn < 1 + (log(d))/n + ((\og(d)) / n) 2 for sufficiently 
large n G N for all d G H by (15. 8p . we have for such n 

+ - [ \og(d)dx] < d™ < + - I \og(d)dx + ^- [ (\og(d)) 2 dx] .(5.10) 

\ nj J V-(p) \ n J n 2 J J 

Relation ( 15. 9ft and the weak law of large numbers show now that v n converges to u as 
n — > oo in the weak topology of probability measures over M\(D). 

(2) Denoting by V and A the n ■ <i-dimensional gradient and Laplace operator we obtain 

Vmn(*)=(i / ^rflfe))"^) 

\ n J u=d(x) dxeH \\dn " lm x I, 



L*(D) v " j=l 



i=l, 
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and 



1. , , 1 / ^ f n-1 (V d d(x i ),V d d(x, l )) R " i 
-Am n (x) =-[-22 - ,i|, B ■ " 2n (d(xW ^ " M 



~1 J u=d(x)dx&H \\d» a { x i) t_i / 



Keeping in mind that the left-hand side of (I5.10P is increasing in n for sufficiently large 
n G N, we verify the existence of Co > and uq > such that ||<i™||2i(D) — c o f° r n > n o 
and all <i G -ff by (15. 8p . By assumption (15. 8p it holds also that 

_ i 

77, 2 

VmJ < — -, n>n , (5.11) 
c c d 

where c is the constant in (15. 8p . It follows that 

lim / (Vm n ,Vm n ) Rn . d dx = (5.12) 

By (15. 9p . (l5.1Up . and the weak law of large numbers we have lim^oo J Dn | Am n dx = 
^=d{x)dx & H Id l A d log(d) rfx as well as 

limsup / ||Am n | dx < / ||A rf log(ci)| dx v(dfi) < oo . (5.13) 

n->oo JO" Jfi=d(x) dx£H JD 

In order to verify (iii) of Theorem 15.11 under weak additional conditions for the example 
(15. 9p it is beneficial to apply the following proposition. 

Proposition 5.2 For every n G N, let X n be a stochastic process satisfying the hypotheses of 
Theorem \l.ll\ or, respectively, of Theorem ! 1.12[ Letm n be as in Corollary \1.13[ In addition, 
suppose that for every n G N and Q^'-a.e. W G Q( n \ (A 1 ) n (W) is equi- continuous on R. 
Let m n , n G N, be defined by ( 15. 9j) . If 

(iv) for every n G N, there is a random variable b n with 

\Al t -Y? t \<n*-b n t, te [0,1], 

and J D „ E x n \b n ) dx is bounded inn G N 
then we have (iii) of Theorem \5.1\ 



Proof. In condition (iii) of Theorem 15.11 we look at 

E^ nXp ( sup m n {X n _ t - Y« t ) - m n (x) 
\te[o,5] 
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Let 6 e [0,1]. We have 



sup 

te[o,S\ 



m n {X n _ t -Y? t )-m n {x 

m n (W™ t ) - m n (x) 



< sup 

te[o,<5] 



sup T['(t) + sup T%(t) 
te[o,8] te[o,8] 



+ sup 

te[o,<5] 



m n {W n _ t + {A n _ t -Y- t ))-m n {W^ t ) 



(5.14) 



We extend m n outside of D n with zero and denote this extension to R"' d = F also with 
m n . The random subset T n of [0, 1] in which W_ t G D n is Q Vn -a.e. an open subset of [0, 1] in 
the trace topology of R. Thus T n fl (0, 1) is a countable union of open subintervals of (0, 1). 
According to Ito's formula it holds that 



T['(t) = m n {W^)-m n {x) 



(Vm n (W^ s ),dW. s ) F + / \Am n {W^)ds 
s&[o,t]nT n Jse[o,t]nT n 



, te[0,5}. 



By Doob's maximal inequality 
E 



\t£[0,6] J \ \Jse[0,5]nT n 



1/2 



+<U / |§Am„(W?.)|<fe 
^se[o,<5]nT n 



< 



+ 



<U (Vm n (r s ),Vm n (r s )) F cfe 

s€[0,5] J 

[ E^ nXF \\Am n {W n _ s )\ ds 



\ 1/2 



where we treat Vm n (W™ s ) as well as — ^Am n (W™ s ) as random elements which are zero 
outside the random set T n . This is equivalent to considering Vm n as well as — \Am n as 
functions which are zero outside of D n . In this sense we obtain 

<U [ sup \T{'\] < e 1 / 2 ( I e-l'E^^ <Vm n (^ s ), Vm n {W n _ s )) F ds) ^ 
\te[o,S] J \Jse[o,5] J 

+e [ e- s / s E^ nXF \lAm n (W- s )\ds 
Jse[o,8] 

< e 1/2 ( [ e~ s / s E^ nXF (Vm^rj, Vm n (W n _ s )) F ds) ^ 

+e I e- s ' s E^ nXF \\Am n {W n _ s )\ds. 

Denoting by (3 > 0, the resolvent of the n-d- dimensional Brownian motion on W l ' d = F 
this yields 



<U ( SU P l T i"l) < eV2 ( [ G i/s ((Vm n , Vm n ) F ) (x) dx 
\te[o,S] J \JxeD" 



1/2 
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+e / Gy > s \^Am n (x)\ dx 

< (ed) 1 ^ 2 I / (Vm n , Vm n ) F <ir J + e5 ||Am n | c/x 

where, for the last line, we have used the symmetry of Gy s in L 2 (F,Xp) restricted to the 
bounded functions of compact support. With (I5.12p and (15 . 13[) we get 

limlimsup£i n) nA f sup \T"\ ) =0. (5.15) 

(54.0 n^oo D " F \ te[0,S\ J 

For Til introduced in (I5.14p we have 

T*'(t) = \m n (W2 t + (A n _ t - Y»)) - m n (W? t )\ < ||Vm n || • \A n _ t - Y» \ . 
Relation (15. lip and condition (iv) of this proposition give directly 

limlimsup^ n) nA ( sup |2^'| ) = . (5.16) 

54.0 n ^oo D " F \ t£[0,6] J 

The claim follows now from (15. 14j) - f f5. 161) . □ 

6 Appendix: Basic Malliavin Calculus for Brownian 
Motion with Random Initial Data 

In this section, we are going to identify the logarithmic derivative relative to a Brownian 
motion B with random initial data. We follow the usual concept which means we establish 
a related Cameron-Martin type formula, a gradient operator, and a stochastic integral as its 
dual. 

It turns out that the whole analysis could be separated into the well known Wiener 
space case, which is the case with initial datum zero, and an independent part related 
to the finite dimensional initial variable. This is due to the fact that we assume B at 
time zero to be independent of the process at all other times. We treat both parts si- 
multaneously and mention that the pure Wiener space part is presented here in a very 
compressed way. For this case it is recommended to compare the following with [19] and 
the thorough introduction to differentiation and integration on the Wiener space in [20J, 
Appendix B. For the case including the random initial condition, we refer to [2] as a source 
of stochastic calculus relative to abstract non-Gaussian measure spaces. We assume the pro- 
cess B = ((B s ) seT , (J 7 ^ x a(B )) UjVeTj u < v , (P x ) xeF ), T either [0, 1] or [-1, 1], to be endowed 
with an initial random variable B independent of (B s — £>o)seT\{o} whose distribution is 
denoted by v. Let us assume that v admits a density 

< m G C 1 (F) with lim m{x) = . (6.1) 

Also, let us introduce the shift by y G F, 

U y (x) = x + y , x G F. 
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Furthermore, let us assume that there exist q G (1, oo) such that, for all y G F, 
m ° U ^eL\F,u) aud 4- m ° U ^ /Vm 



m dX 



A=0 171 \ m 



y) exists in L q (F, v) . (6.2) 



Let Q := C(T; F) denote the set of trajectories associated with (B s ) se j- starting from s = 
to either direction in case of T = [—1, 1]. Also introduce P v := J P x v(dx) and let E v denote 
the corresponding mathematical expectation. Furthermore, we suppose that the filtration 
{Fl = <r(W a - W/3 : u < a, (3 < v) x a(W ) : u,v G T, u < v} is completed by the 
P„-completion of the a-algebra F of all Borel subsets of f2 relative to uniform convergence 
on T. 

Cameron-Martin type space, embedding, shift relative to B . Let 

H:={(f,x):feL 2 (T;F), x G F} , 
be equipped with the inner product 

((/, x), (g, y)) H := (/, g) L 2 + (x, y) F . 

Furthermore, define 

W := {(u, x) : u G C(T; F), u(0) = 0, x G F} . 
We embed H into W = C(T; F) by 

j(f, x) := ( jf f(s) ds,x^=x + J f(s) ds , (f,x)EH. 

Cameron-Martin type formula. Let Ai^' s (T; F) denote the set of all F-valued 
finite signed measures on (T, i3(T)) and 

W* := {(u*,x*) : u* e M f '"(T',F) with u*{T) = 0, x* e F} . 

We have 

w *{(uj*,x*),(uj,x)) w = J (uj,duj*) F + (x,x*) F 

= J (u*((s, l]),du s ) F + (x,x*) F . 
For (u, x) EW and (/, y) G H introduce 



and 



£ tf,v)(u> x ) --=exp^J {f(s),du a ) F - ^J {f(s),f{s)) F ds 



m{U_ y {x)) 
m{x) 
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Theorem 6.1 We have 

(i) ^° j f^ ) ((a;,x))=g ( - / ,- 1>) (a;,x). 
Proof. Let (/, y) G H. First, verify that the map 

L\W, P v ) 3 $ > Eu (exp w *( ■ , S m ) w } $) 
is an injection. Then focus on 



E 1 !/ ( exp < i 



r 



ou*((s,l}),d(u s + f(v)dv^ +(x*,U y (x)) i 



- J {f( 8 ), du s ) F - l - J{f( 8 ), f(s)) F ds 

= exp j-i jf 1])) F rfs} x 

x£„ (exp{i(x*,U y (x)) F } m{Uy{x)) 



m(x) 



m\x) 



x 



= exp|~jr ( W *((s,l]),a;*((s,l])) F cfe 

x y exp {i (a;*, m{U y {z)) dz 

= exp|-iy (w*((s, l]),w*((s, dsj y exp{i (x*, m(s) dz . 

The claim is an immediate consequence of the independence of the right-hand side of (f,y)- 
□ 

Corollary 6.2 For all bounded measurable (p : W — > R 7 we have 
(ii) E v ((p ((u,x) + j(f,U y (x) - x)) ■ £(_ f _ y) (u,x)) = E„(p(u,x) and 
(ill) E v <p((w,x) + j(f,U y (x) -x)) = E v (<p(u,x)-£( ft y)(w,x)). 

Gradient operator. Let k e N, h, . . . , l k e W*, f e Cl(R k ), and 

<f(uj, x) := f (h(uj, x),...,l k (u, x)) . (6.3) 
In other words, let ip be a bounded differentiate cylindrical function on W. As usual, define 



By(w,x) := J^/ Xj (h(u,x),...,l k (uj,x)) - w .(li, - ) w 

i=l 
k 

= ^2fx t (h(u,x),...,l k (u,x)) -U (6.4) 



i=l 
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where f Xi is the partial derivative of / with respect to the z-th entry, i E {1, . . . , k}. Let 
C denote the set of all cylindrical functions of the form (16. 3ft . As a particular case, let us 
assume the linear functionals to be of the form li(u,x) := (eij, co(ti)) F + (b i) x) F) cii,bi E F, 
ti < . . . < t k , all in T . Then 

B(p(u,x)(p,y) 

k 

= ^2fxi ((ai,w(ti)) F + (h,x) F ,. . . , (a k ,u(t k )) F + (h,x) F ) ■ ({a h p(U)) F + (b h y) F ) , 

(j>,y)eW, (6.5) 



which makes it comparable with the common representations for the pure Wiener process 
case as, for example, presented in [12]. In either case we have the usual relation to directional 
derivatives 

dip (co ./■ ) 

B<p(uj,x)(p,y) = w *(B(p(u,x), {p,y)) w = g ^ ^ , (p,y) E jH = {jh : he H}. 



Proposition 6.3 Let q be the number used in and 1/p + 1/q < 1. 

(a) The set of all cylindrical functions 

(p{co,x) = f ((a 1 ,ui(t 1 )) F + (b 1 ,x) F ,...,(a k ,ui(t k )) F + (b k ,x) F ) 

f E Cl(R k ), a h bi E F, i E {1,...,*}, t x < ... < t k , all in T, is dense in W{W,P V ). 

(b) LetC C C be a set of cylindrical functions which is dense in L P (W, P v ). Then the operator 



(D,C) :=(foD,C) 



(6.6) 



is closable on L P (W, P v \ H). 



Proof, (a) This is explained in [19] Preliminaries 5 i), for the pure Wiener space case. 
Anything else is trivial. 

(b) Assume C 3 <p n in LP(W,P V ) and D<p n , n E N, be Cauchy in LP{W, P V ;H). 

Then Dcp n ^ f in L P (W,P U ;H) for some f E Lp(W,P„;H). We have to show f = 
P„-a.e. For E C and (/, y) E /f, we have by Corollary 16.21 (iii) 



E u {(Dip n , (f,y)) H -p) — E v ( w *(Bp n ,j(f,y)) w ■ p) 
E v (p n ((w, x) + Aj(/, 2/)) • <p(u, x)) 



d 



A=0 



A=0 



E„ p„(uj, x) ■ p ((u, x) - Aj(/, y)) x 



x exp < A / f(s) dui. 



A 2 



T 



f 2 (s) ds 



T 



m(U_ Xy {x)) 



mix) 



(6.7) 



The derivative of the last line with respect to A at A = exists in L q (W, P v ) by (16. 2 j) and is 
equal to 



rfA 



w,x) 



A=0 



Vm(i) 



'T 
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m x 



(6.8) 



Therefore, 

E v {{D<p ny {f,y)) H -<p) 

= E u (ip n - W *(3^, -j(f,y)) w ) +E u \p n -<p- ^ £\(f,y)J ■ (6-9) 

Letting n — )■ oo we obtain E v ((£, (/, y)) H ■ <f) — for all cp G C and (/, y) & H from f 16 . 9 ft . 
Thus £ = P„-a.e. In other words, D is closable on L P (W, P„; H). □ 

Definition 6.4 Let q be the number used in fl 6 . 2 ft and 1/p+l/q < 1. We say (p G Dom p (P) 
if there is a sequence <p n G C, n G N, such that C 3 <f n ^± ip in L P (W, P v ) and 
n G N, is Cauchy in L P (W, P v ; H). In this case 

Dcp := lim D(<p n ) . 

Let D Pt x = D Pt i(P v ) be the space of all ip G Dom p (P) equipped with the norm ||y?|| p ,i := 

II^IUpCW^) + \\Dv\\w(W,Pv;H)- 



Gradient and directional derivative 

Proposition 6.5 (a) Let q be the number used in ( QO| ) and l/p+ 1/q < 1. Furthermore, 
let ip G -D Pi i and k £ H. Suppose the existence of the limit 



<9j/c A^O A 
m L P (W,P,). T/ien 

djk 



(DiP,k) H eL p (W,P„). (6.10) 



Lei 1 < p < oo and r/> G P„). Assume the existence of the limit (i) for all k G H 

in the measure P v . Also suppose the existence of C G L P {W,P^H) such that 

dip 

~d~k = ^ H a ^ ^ & H and 



(Hi) ip((u,x)+jk)-ip((u,x)) 
(u,x) G W. 

Then ip G D pl , C = Dip, and we have 

dip 



I (C((u, x) +tk), k)n dt for all k G H and P v -a.e. 
Jo 



djk 



(DiP } k) H eL p (W,P„). (6.1i; 
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Proof, (a) Let (p G C and let ip n G C, n G N, be a sequence with t/v 
Following ( I6.7p - (l6.9p back and forth we obtain for k — (f,y) G H 



ip in Dpi. 



((Zty, ■ y>) = lim ((Difj n , k) H ■ ip) 

n-»oo 

= lim \ -E v U n -{D<p,k) H ) + E V (tpn-ip 



d_ 

dX 



£ 



Kf,v) 



A=0 



-E v (7p-(D(p,k) H )+E u U-(p 
E v ^(- + \jk)-<p) 
V> (• + Ajfc) • 



*(/.») 



A=0 



d 

dX 



A=0 



A=0 



the last line by hypothesis (i). From here, we conclude (I6.10p . 

(b) Let us first assume that the condition (i) in the measure and the conditions (ii), (iii) 
are satisfied only for C = (Ci,0) with G x e W (W,P So ; L 2 (T; F)) and k = (/, 0) with 
/ G L 2 (T]F). For the conclusion (16.1 ip for all such k = (/, 0), we refer to [20], Appendix 
B.6. Now part (b) of the proposition follows from the fact that (i) in the measure and (ii), 
(iii) together with the definition of v[dx) = m(x) dx in (16. ip implies (16. lip for k = (0,x) 
with x G F and C = (0, C2) where C2 G L P (W, v;F). For this one may also consult [9], 
Theorem 1.11. □ 

The stochastic integral We are going to define an anticipating integral which in its 
specification to the adapted case on the Wiener space is the Ito integral. The following def- 
inition takes into consideration the Definition 16.41 in which the spaces D p i are meaningfully 
introduced only for 1/p < 1 — 1/q. 

Definition 6.6 Let q be the number appearing in (I6.2p and 1/p + 1/q = 1. Let q' > p and 
1/p' + 1/q' = 1. Furthermore, let £ G L p> (W,P U ;H). We say that £ G Dom p >(5) if there 
exists Cp/(£) > such that 

E„((D(p,£) H ) < c p /(0 ■ \\(p\\ Lq ' {WtPu) , ¥ e D q i t i . 

In this case, we define the stochastic integral by 

Replacing z/ by 5q and concentrating on the case T = [0, 1], is the Skorohod integral. 



Theorem 6.7 Let g appearing in / 1 6'. fy) and 1/p + 1/q — 1 

(a) Let (f,y) G H. We have (f,y) G Dom g (5) and 
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(b) Let [si,S2) Q T, i,j E {l,...,n- d}, and a E ^V,i /or some q' > p. Then a(u,x) ■ 
( e jl[si,s 2 )) e i) e Dom^(5) with 1/w — 1/q' + l/q and 



5 (a ■ (ejl [siiS2 ),ei)) (u,x) 

= a(u, x) ■ (u S2 - u Sl )j - a(u, x) 



(Vm(x))i 



m[x) 



Da, (e j l [siyS2) ,e i )) H . (6.12) 



Assume the existence of the directional derivatives 



d_ 

dX 



A=0 

in Li'(W,P v ). Then 



a | jj + X J e J I[ Sl)S2 )(s) ds, x J and — 



a (a;, x + A • e») . 



A=0 



5 (a • (ejl [siiS2 ), ej)) (u, x) = a(u), x) ■ (u S2 - u Sl )j - a(u, x) 



d_ 

dX 



A=0 



u + X J e i l [sijS2 )(s) ds,x ) - — 



m{x) 

a(u, x + X ■ e^ . (6.13) 



A=0 



Proof, (a) Looking at ( 16. 9ft . choosing ip — 1 there, and renaming by ^ G C we get 



E v ({Dif>,(f,y)) H ) =E U U--^ 



£ 



A=0 



< 



Lp(W,P„) ' 



d 



dX 



£ 



A=0 



L*(W,Pu) 



Part (a) follows now by taking now into consideration q > 2 and d 6 . 8 j) . 



d 
dA 



£\(f, v )(w,x) = fdu 



A=0 



r 



(b) Relation (16 . 121) is a consequence of part (a) and the following. For (, E H , a E D qj % we 
have ced(£) — (Da,£)n E L w where 1/w = l/q + 1/q' and 

a( 6 Dom w (5) and 5(a£) = ad(£) — (Da, £)# . 

Indeed the latter becomes evident for E C by adapting a calculation from [19], Section 
1.1, 



E v ((at, D<p) H ) = E v ((£, aD^) H/ 

= E u ((£,D{a<p)-<pDa) H ^ 
= E u (a5(0 ■ <p) -E v ((Da,OH-p) ■ 



Relation ( 16. 131) follows now from Proposition 16.51 (a) 



□ 



Let us continue with an object being, up to its signum, nothing but the stochastic 
integral. 



123 



Definition 6.8 Let h G Dom p (5) for some p G (1, oo). We define the logarithmic derivative 
(3jh of the measure P v in direction of jh by (3jh = —5(h). 

The L 2 -integral There is another type of anticipating integral whose specification to 
the adapted case on the Wiener space is the Stratonovich integral. 

Definition 6.9 (a) Let L 2 ,i denote the space of all (/, y) G L 2 (W,P„;H) such that 

(i) ft,y G Z?2,i for a.e. t G T, and P„-a.e. it holds that 

(ii) f teT \\Df t \\ 2 H dt+\\Dy\\ 2 H <oo. 

(b) Let ifi, i G N, be a complete orthonormal basis of L 2 (T;F) and (/,?/) G L 2 ,i. The 

{(f,y)°d(uJ J x)} F = [ (fodu) F - (y, V '''''' ' 



r Jr \ ™0) / f 



is defined by 



^2(f, ^)l 2 (t ; f) • J^(<Pi, du) F - (y, 



V mix) 



m\x) 



provided that this sum converges in the measure P v independent of the chosen orthonormal 
basis (fii, i G N, of L 2 (T ; F). 

Replacing v by 5 and choosing T = [0, 1], J T (f o du) F is the Ogawa integral. 

Theorem 6.10 We have the fundamental relation between the stochastic integral and the 
L 2 -integral. Let (f,y) G L 2) i and suppose that P u -a.e. D(f,y)(-) : H — >• H is a nuclear 
operator. Then 

(f, y) o d(u, x) = 8(f, y) + trace(D(/, y)) . 

r 

Proof. For v replaced by 5$ and T = [0, 1], this is due to [12], Section 3.1.2. Anything else 
is left as an exercise. □ 

For expositions beyond the scope of this paper, we refer to [I], [2], [3], [10], [12], [13] . 

rra. rrri. m. 
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